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Frontist rio 1

'Askhsh 1

RÐqnoume dÔo forèc èna dÐkaio ex�edro z�ri.

a) Perigr�yte to deigmatikì q¸ro tou peir�matoc.

b) Onom�zoume A to gegonìc ìti h pr¸th rÐyh fèrnei arijmì mikrìtero apì 3. Perigr�yte to
gegonìc A kai upologÐste thn pijanìtht� tou, P (A).

g) Onom�zoume B to gegonìc ìti to �jroisma twn dÔo rÐyewn eÐnai Ðso me 4. Perigr�yte to
gegonìc B kai upologÐste thn pijanìtht� tou, P (B).

d) Poio eÐnai to endeqìmeno A ∩B?

LÔsh

a) MporoÔme na anaparast soume k�je aplì endeqìmeno qrhsimopoi¸ntac èna diatetagmèno
zeÔgoc (a, b) ìpou a kai b eÐnai oi arijmoÐ pou antiproswpeÔoun ta apotelèsmata thc 1hc kai
thc 2hc rÐyhc antÐstoiqa. 'Etsi o deigmatikìc q¸roc tou peir�matoc ekfr�zetai wc ex c:

Ω =
{

(1, 1), (1, 2), (1, 3), ..., (2, 1), (2, 2), ..., (6, 6)
}

  pio apl� kai analutik�:

Ω =
{

(a, b) : a ∈ N, b ∈ N, 1 ≤ a ≤ 6, 1 ≤ b ≤ 6
}

b) AntÐstoiqa to gegonìc A =
{
H 1h rÐyh fèrnei arijmì mikrìtero apì 3

}
perigr�fetai wc

ex c:

A =
{

(1, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1, 6), (2, 1), (2, 2), (2, 3), (2, 4), (2, 5), (2, 6)
}

 

A =
{

(a, b) : a ∈ N, b ∈ N, 1 ≤ a ≤ 2, 1 ≤ b ≤ 6
}

AfoÔ ta z�ria eÐnai dÐkaia, ìla ta apl� endeqìmena eÐnai isopÐjana, �ra:

P (A) = |A|
|Ω| = 12

36 = 1
3

g) To gegonìc B =
{
To �jroisma twn 2 rÐyewn eÐnai Ðso me 4

}
perigr�fetai wc ex c:

B =
{

(1, 3), (2, 2), (3, 1)
}

H antÐstoiqh pijanìthta eÐnai:

P (B) = |B|
|Ω| = 3

36 = 1
12

d) ProsdiorÐzontac na koin� stoiqeÐa twn sunìlwn A kai B, èqoume: A ∩B = {(1, 3), (2, 2)}.
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'Askhsh 2

Se mia èreuna sugkentr¸jhkan stoiqeÐa gia 1000 �toma. Brèjhke ìti apì aut�:

a) 832  tan �ndrec

b) 521  tan pantremènoi

g) 350  tan pantremènoi �ndrec

EÐnai dunatìn aut� ta stoiqeÐa na eÐnai swst�?

LÔsh

An A = {�ndrac} kai Π = {pantremènoc}, tìte sÔmfwna me ta parap�nw stoiqeÐa èqoume:

P (A) =
832

1000
, P (Π) =

521

1000
kai P (A ∩Π) =

350

1000
.

Efarmìzontac basikèc idiìthtec pijanot twn, èqoume:

P (A ∪Π) = P (A) + P (Π)− P (A ∩Π) =
832

1000
+

521

1000
− 350

1000
=

1003

1000
= 1.003 > 1

, to opoÐo eÐnai adÔnato. Epomènwc, den eÐnai dunatìn ta parap�nw stoiqeÐa na eÐnai swst�.

'Askhsh 3

An A,B eÐnai endeqìmena enìc deigmatikoÔ q¸rou Ω gia ta opoÐa isqÔei: P (A) = 1
2 , P (B) = 2 · x

kai P (A ∪B) = 4 · x2 + 3
4 , na brejeÐ o x > 0.

LÔsh

Xèroume ìti:
P (A ∪B) ≤ P (A) + P (B).

Epomènwc, antikajist¸ntac ta dedomèna thc �skhshc, èqoume:

4 · x2 +
3

4
≤ 1

2
+ 2 · x

16 · x2 + 3 ≤ 2 + 8 · x

16 · x2 − 8 · x+ 1 ≤ 0

∆ = 64− 4 · 16 · 1 = 64− 64 = 0, �ra x1,2 = 8
2·16 = 1

4 kai 16 · x2 − 8 · x+ 1 ≥ 0.
'Ara anagkastik� 16 · x2 − 8 · x+ 1 = 0 kai x = 1

4 .
(M�lista, parathroÔme ìti ta A kai B eÐnai asumbÐbasta, afoÔ P (A ∪B) = P (A) + P (B).)

'Askhsh 4

'Ena koutÐ perièqei 10 �sprouc kai 5 maÔrouc bìlouc. Epilègoume tuqaÐa dÔo bìlouc qwrÐc epa-
n�jesh.

a) Poia eÐnai h pijanìthta kai oi dÔo bìloi na eÐnai �sproi?

b) Poia eÐnai h pijanìthta o pr¸toc bìloc na eÐnai �sproc kai o deÔteroc maÔroc?

LÔsh

To koutÐ perièqei 10 �sprouc kai 5 maÔrouc bìlouc (sunolik� 15 bìlouc).

a) 'Estw A1 to endeqìmeno o pr¸toc bìloc na eÐnai �sproc kai A2 to endeqìmeno o deÔteroc
bìloc na eÐnai �sproc. Tìte, ja isqÔei ìti:
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P (A1) =
10

15

Dedomènou ìti o pr¸toc bìloc eÐnai �sproc, plèon ja up�rqoun 14 bìloi sto koutÐ, apì touc
opoÐouc oi 9 ja eÐnai �sproi. Epomènwc, h pijanìthta o deÔteroc bìloc pou epilègetai tuqaÐa
na eÐnai �sproc, dedomènou ìti o pr¸toc bìloc eÐnai �sproc, eÐnai h akìloujh:

P (A2 | A1) =
9

14

Qrhsimopoi¸ntac ton pollaplasiastikì nìmo, h pijanìthta ìti kai oi dÔo bìloi pou epilègo-
ntai tuqaÐa eÐnai �sproi ja eÐnai Ðsh me:

P (A1 ∩A2) = P (A1) · P (A2 | A1) =
10

15
· 9

14
=

90

210
=

9

21

b) 'Estw M2 to endeqìmeno o deÔteroc bìloc na eÐnai maÔroc. Tìte, ìpwc eÐdame parap�nw, ja
isqÔei ìti:

P (A1) =
10

15

Dedomènou ìti o pr¸toc bìloc eÐnai �sproc, plèon ja up�rqoun 14 bìloi sto koutÐ, apì touc
opoÐouc oi 5 ja eÐnai maÔroi. Epomènwc, h pijanìthta o deÔteroc bìloc pou epilègetai tuqaÐa
na eÐnai maÔroc, dedomènou ìti o pr¸toc bìloc eÐnai �sproc, eÐnai h akìloujh:

P (M2 | A1) =
5

14

Qrhsimopoi¸ntac ton pollaplasiastikì nìmo, h pijanìthta ìti o pr¸toc bìloc eÐnai �sproc
kai o deÔteroc maÔroc ja eÐnai Ðsh me:

P (A1 ∩M2) = P (A1) · P (M2 | A1) =
10

15
· 5

14
=

50

210
=

5

21

'Askhsh 5

RÐqnoume 2 z�ria. BreÐte thn pijanìthta toul�qiston èna na èfere 6, an eÐnai gnwstì ìti ta z�ria
èferan diaforetikoÔc arijmoÔc.

LÔsh

An Ω eÐnai o deigmatikìc q¸roc tou peir�matoc kai orÐsoume ta endeqìmena:

A = {toul�qiston èna z�ri èfere 6} kai B = {ta z�ria èferan diaforetikoÔc arijmoÔc},

tìte y�qnoume thn ex c pijanìthta:

P (A | B) =
P (A ∩B)

P (B)
=

10
36
30
36

=
10

30
=

1

3
,

afoÔ:
A ∩B = {(1, 6), (2, 6), (3, 6), (4, 6), (5, 6), (6, 1), (6, 2), (6, 3), (6, 4), (6, 5)}

kai:
B = Ω \ {(1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (6, 6)}.
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'Askhsh 6

Apì touc asjeneÐc pou noshleÔontai se mia klinik , to 60% èqei kardiak  anep�rkeia, to 50% èqei
pneumonik  anep�rkeia kai to 35% èqei kai ta dÔo. BreÐte tic pijanìthtec:

a) 'Enac asjen c na èqei kardiak  anep�rkeia, an èqei pneumonik  anep�rkeia.

b) 'Enac asjen c na èqei kardiak  anep�rkeia, an den èqei pneumonik  anep�rkeia.

g) 'Enac asjen c na èqei kardiak  anep�rkeia, an eÐnai gnwstì ìti den èqei kai ta dÔo probl mata.

LÔsh

'Estw ta endeqìmena:

K = {ènac asjen c èqei kardiak  anep�rkeia}
Π = {ènac asjen c èqei pneumonik  anep�rkeia}

Tìte, me b�sh ta dedomèna thc �skhshc, gnwrÐzoume ìti:

P (K) =
60

100
= 0.6 , P (Π) =

50

100
= 0.5 kai P (K ∩Π) =

35

100
= 0.35

a) Y�qnome thn pijanìthta P (K | Π). 'Ara, apì ton orismì thc desmeumènhc pijanìthtac èqoume:

P (K | Π) =
P (K ∩Π)

P (Π)
=

0.35

0.5
= 0.7

b) Y�qnoume thn pijanìthta:

P (K | Πc) =
P (K ∩Πc)

P (Πc)

Xèroume ìti gia duo endeqìmena K,Π isqÔei ìti: K ∩Πc = K −Π kai P (K −Π) = P (K)−
P (K ∩Π). 'Ara, èqoume:

P (K | Πc) =
P (K)− P (K ∩Π)

1− P (Π)
=

0.6− 0.35

1− 0.5
= 0.5

g) Y�qnoume thn pijanìthta:

P (K | (K ∩Π)c) =
P (K ∩ (K ∩Π)c)

P ((K ∩Π)c)
=
P (K)− P (K ∩Π)

1− P (K ∩Π)
=

0.6− 0.35

1− 0.35
≈ 0.38

'Askhsh 7

'Eqoume trÐa akat�stata dwm�tia ∆1,∆2,∆3. 'Ena antikeÐmeno brÐsketai se èna apì aut�. Gia k�je
i = 1, 2, 3, pi eÐnai h pijanìthta to antikeÐmeno na eÐnai sto ∆i kai qi eÐnai h pijanìthta, an to
antikeÐmeno brÐsketai sto ∆i kai y�xoume ekeÐ, na to broÔme. Y�qnoume kai sta trÐa dwm�tia. Poia
eÐnai h pijanìthta na broÔme to antikeÐmeno?

LÔsh

'Estw ta endeqìmena:

∆i = {to antikeÐmeno brÐsketai sto ∆i dwm�tio}
E = {to antikeÐmeno brèjhke}

gia i = 1, 2, 3. 'Ara, me b�sh ta dedomèna thc �skhshc, xèroume ìti:

P (∆i) = pi kai P (E | ∆i) = qi gia i = 1, 2, 3.

Y�qnoume thn pijanìthta P (E). Efarmìzontac to je¸rhma olik c pijanìthtac èqoume:

P (E) = P (E ∩∆1) + P (E ∩∆2) + P (E ∩∆3)

= P (∆1) · P (E | ∆1) + P (∆2) · P (E | ∆2) + P (∆3) · P (E | ∆3)

= p1 · q1 + p2 · q2 + p3 · q3
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'Askhsh 8

Se mia perioq  up�rqoun treic pìleic, oi A, B kai G. Apì thn pìlh A, to 40% twn katoÐkwn eÐnai
qortof�goi, sthn pìlh B to posostì ft�nei to 20%, kai sthn G eÐnai 30%. GnwrÐzoume akìma ìti
oi k�toikoi thc pìlhc A apoteloÔn to 20% tou sunolikoÔ plhjusmoÔ twn parap�nw pìlewn en¸ oi
k�toikoi thc pìlhc G to 50%. Epilègoume tuqaÐa ènan k�toiko. Na brejeÐ h pijanìthta autìc na
eÐnai qortof�goc.

LÔsh

'Estw ta endeqìmena:

X = {O polÐthc eÐnai qortof�goc}
A = {O polÐthc eÐnai k�toikoc thc pìlhc A}
B = {O polÐthc eÐnai k�toikoc thc pìlhc B}
Γ = {O polÐthc eÐnai k�toikoc thc pìlhc G}

Apì thn ekf¸nhsh mporoÔme na sumper�noume ìti:

a) P (A) = 0.2, P (Γ) = 0.5, P (B) = 1− P (A)− P (Γ) = 0.3

b) P (X|A) = 0.4, P (X|B) = 0.2, P (X|Γ) = 0.3

'Ara, apì to je¸rhma olik c pijanìthtac, èqoume ìti:

P (X) = P (X|A)P (A) + P (X|B)P (B) + P (X|Γ)P (Γ) = 0.29

'Askhsh 9

To di�gramma pijanot twn met�bashc gia èna triadikì kan�li faÐnetai sto Sq ma 1:

Sq ma 1: Di�gramma Pijanot twn Met�bashc

Upojèste ìti ta sÔmbola 0,1 kai 2 stèlnontai me pijanìthtec 1/2,1/4 kai 1/4 antÐstoiqa. Na
brejoun oi pijanìthtec l yhc sumbìlwn. TÐ parathreÐte?

LÔsh

'Estw Ai to gegonìc ìti est�lh to sÔmbolo i kai Bi to gegonìc ìti el fjh to sÔmbolo i. Qrhsi-
mopoi¸ntac to je¸rhma olik c pijanìthtac kai ton orismì thc desmeumènhc pijanìthtac, èqoume:

P (B0) = P (B0|A0)P (A0) + P (B0|A2)P (A2)

=
1

2
(1− ε) +

1

4
ε =

1

2
− 1

4
ε
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P (B1) = P (B1|A0)P (A0) + P (B1|A1)P (A1)

=
1

2
ε+

1

4
(1− ε) =

1

4
+

1

4
ε

P (B2) = P (B2|A1)P (A1) + P (B2|A2)P (A2)

=
1

4
ε+

1

4
(1− ε) =

1

4

'Opwc  tan anamenìmeno to �jroisma twn pijanot twn twn gegonìtwn Bi isoÔtai me 1.


