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'Askhsh 1.

(a) P{X < 0} = Φ(0−(−10)
2 ) = Φ(5) = 1−Q(5)

(b) P{−10 < X < 5} = Φ(5−(−10)
2 )− Φ(−10−(−10)

2 ) = Φ(7.5)− Φ(0) = Φ(7.5)− 1
2 =

1
2 −Q(7.5)
(g) P{|X| ≥ 5} = P{X ≤ −5}+ P{X ≥ 5} = Φ(−5−(−10)

2 ) + 1− Φ(5−(−10)
2 ) = Φ(2.5) +

1− Φ(7.5) = 1−Q(2.5) +Q(7.5)
(d) P{X2 − 3X + 2 > 0} = P{(X − 1)(X − 2) > 0} = P{X < 1}+ P{X > 2} = Φ(1−(−10)

2 ) +
1− Φ(2−(−10)

2 ) = Φ(5.5) + 1− Φ(6) = 1−Q(5.5) +Q(6)

'Askhsh 2.
Ac upojèsoume ìti h X ∼ N(0.9, 0.0032) dhl¸nei to pl�toc (se µm) tou metallikoÔ Ðqnouc.

(a) {X < 0.9− 0.005}   {X > 0.9 + 0.005} gia ena metallikì Ðqnoc pou jewreÐtai elattwmatikì.
P{|X − 0.9| > 0.005} = 2Φ(−1.666...) = 2Q(1.666...) ≈ 0.095

(b) Prèpei na broÔme thn mègisth tim  tou σ ¸ste 2Q(0.005/σ) ≤ 10−2. Epeid  Q(2.575) ≈ 0.005,
èqoume 0.0005/σ > 2.575, dhlad  σ ≤ 0.005/2.575 ≈ 0.00194.

'Askhsh 3.
(a) H Y paÐrnei timèc sto di�sthma [0, 1] kai Fy = 0 gia v < 0, kai Fy = 1 gia v > 1. Gia
0 ≤ v ≤ 1, Fy(v) = P{Y ≤ v} = P{X2 ≤ v} = P{−

√
v ≤ X ≤

√
v} =

√
v. Epomènwc h

sun�rthsh puknìthtac pijanìthtac (pdf) eÐnai Fy(v) = 1
2
√
v
an 0 ≤ v ≤ 1, kai fy(v) = 0, alli¸c.

(b) H Z paÐrnei timèc sto di�sthma [−1,+1], epomènwc Fz = 0 gia v < −1, kai Fz(v) = 1 gia
v > 1.
Gia 0 ≤ v ≤ 1, Fz(v) = P{Z ≤ v} = P{g(X) ≤ v} = P{X ≤

√
v} = 1

2 [1 +
√
v].

Gia −1 ≤ v ≤ 0, Fz = P{Z ≤ v} = P{g(X) ≤ v} = P{X ≤
√
−v} = 1

2 [1−
√
−v].

Epomènwc, fz(v) = 1

4
√
|v|

an 0 ≤ |v| ≤ 1, kai fz(v) = 0, alli¸c. H sun�rthsh puknìthtac

pijanìthtac eÐnai �rtia kai teÐnei sto +∞ kaj¸c to v teÐnei sto 0.
'Askhsh 4.
(a) H ajroistik  sun�rthsh katanom c thc Y eÐnai py(a) = py(−a) = 1

2 .

(b) E[Z] =
∫∞
0 (u− a2)φ(u)du+

∫ 0
−∞(u+ a2)φ(u)du =

∫∞
−∞(u2 + a2)φ(u)du− 4

∫∞
0 auφ(u)du =

1 + a2− 2
√

2
πa dedomènou ìti h tupik  Gkaousian  katanom  èqei diaspor� 1, to embadìn k�tw apì

thn sun�rthsh puknìthtac pijanìthtac φ(u) eÐnai 1, kai
∫∞
0 uexp(−u2/2)du = 1.

H E[Z] èqei el�qisth tim  1− 2
π sto a =

√
2/π.
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(g) pW (3) = pW (−3) = Φ(−2.5) = 0.0062.
pW (2) = pW (−2) = Φ(2.5)− Φ(1.5) = 0.0606.
pW (1) = pW (−1) = Φ(1.5)− Φ(0.5) = 0.2417.
pW (0) = Φ(0.5)− Φ(−0.5) = 0.3830.

(d) Oi Z2, Z1, Z0 eÐnai Bernoulli tuqaÐec metablhtèc me paramètrouc p2 = P{W < 0} = 0.3085,
p1 = P{W ∈ {−2,−1, 2, 3}} = 0.3691, kai p0 = P{W ∈ {−3,−1, 1, 3}} = 0.4958 antÐstoiqa.

'Askhsh 5.
Oi apì koinoÔ sunart seic puknìthtac pijanìthtac (pdf) faÐnontai sta parak�tw sq mata.

(a)

Sq ma 1: Apì koinoÔ sun�rthsh puknìthtac pijanìthtac

Apì to aristerì sq ma parap�nw, fX(a) =
∫∞
−∞ fX,Y (a, v)dv =

∫ 1−a
0

1
2dv +

∫ 1
1−a

3
2dv = 1

2(1−
a) + 3

2a = 1
2 + a.

(b) 'Otan h sun�rthsh puknìthtac pijanìthtac èqei stajer  tim  se mia perioq , mporoÔme na
upologÐsoume thn pijanìthta ìti to tuqaÐo shmeÐo brÐsketai se aut n thn perioq  brÐskontac thn
perioq  tou q¸rou, thn opoÐa polaplasi�zoume me thn tim  thc sun�rthshc puknìthtac pijanìthtac.
Epomènwc, P{X + Y ≤ 3/2} = 1− P{X + Y ≥ 3/2} = 1− 3

2 × [12 ×
1
2 ×

1
2 ] = 13

16
kai P{X2 + Y 2 ≥ 1} = 3

2 × [1− π
4 ] = 3

2 −
3π
8 .

'Askhsh 6.
(a) H apì koinoÔ sun�rthsh puknìthtac pijanìthtac eÐnai mh mhdenik  sth grammoskiasmènh peri-
oq  (dexi�) tou Sq matoc 2.

Sq ma 2: Apì koinoÔ sun�rthsh puknìthtac pijanìthtac

(b) Gia u > 0, fX(u) =
∫∞
v 2exp(−u− v)dv = 2exp(−2u) kai fX(u) = 0 gia u < 0.

Gia v > 0, fX(v) =
∫∞
v 2exp(−u− v)du = 2exp(−v)− 2exp(−2v) kai fY (v) = 0 gia v < 0.
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(g) 'Oqi, oi tuqaÐec metablhtèc X kai Y eÐnai exarthmènec.

(d) P{Y > 3X} =
∫∞
u=0

∫∞
v=3u 2exp(−u− v)dvdu =

∫∞
u=0 2exp(−4u)du = 1

2 .

(e) Gia a > 0, P{X + Y ≤ a} =
∫ a/2
u=0

∫ a−u
v=u 2e−u−vdvdu =

∫ a/2
u=0 2−u[e−u − e−a+u]du = 1 −

aexp(−a)− exp(−a).

(st) fZ(a) = d
daFZ(a) = d

daP{X + Y ≤ a} = d
da1− aexp(−a)− exp(−a) = aexp(−a) gia a > 0

kai fZ(a) = 0 gia a < 0.

ApoteleÐ Gamma sun�rthsh puknìthtac pijanìthtac me paramètrouc (2, 1).


