
PANEPISTHMIO KRHTHS
Tm ma Epist mhc Upologist¸n

HY-217: Pijanìthtec - Qeimerinì Ex�mhno 2009
Did�skwn: P. TsakalÐdhc

LÔseic DeÔterhc Seir�c Ask sewn

HmeromhnÐa An�jeshc: 12/10/2009 HmeromhnÐa Par�doshc: 19/10/2009

'Askhsh 1.
(a) 'Estw R to gegonìc ìti o Grhgìrhc p�ei gia trèximo, kai T to gegonìc ìti prolabaÐnei to
trèno. To dèntro faÐnetai sto Sq ma 1.

Sq ma 1: Dèntro pijanot twn gia to prwinì tou Grhgìrh

(b) Qrhsimopoi¸ntac to nìmo thc olik c pijanìthtac, èqoume:

P (T ) = P (T |R)P (R) + P (T |Rc)P (Rc)

=
2
5
× 2

5
+

1
2
× 3

5
= 0.46
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(g) QrhsimopoioÔme to nìmo tou Bayes kai èqoume:

P (R|T ) =
P (T |R)P (R)

P (T )
= 0.3478

'Askhsh 2.
(a) 'Estw D to gegonìc ìti k�poioc èqei thn asjèneia kai T to gegonìc ìti h exètash bg ke jetik .
Tìte, P (D) = 1/20, P (T c, D) = 1/50 kai P (T |Dc) = 1/10.
Me qr sh tou nìmou Bayes èqoume:

P (D|T ) =
P (T |D)P (D)

P (T |D)P (D) + P (T |Dc)P (Dc)

=
(49/50)(1/20)

(49/50)(1/20) + (1/10)(19/20)
= 0.3403

(b) 'Estw F to gegonìc ìti o patèrac èqei thn asjèneia kai S to gegonìc ìti o giìc èqei thn
asjèneia. Tìte P (F ) = 1/20, P (S|F ) = 4/5 kai P (S|F c) = 1/95. Tìte:

P (F |S) =
P (S|F )P (F )

P (S|F )P (F ) + P (S|F c)P (F c)

=
(4/5)(1/20)

(4/5)(1/20) + (1/95)(19/20)
= 0.80

'Askhsh 3.
(a) 'Estw Ai to gegonìc ìti est�lh i kai Bi to gegonìc ìti el fjh i. Qrhsimopoi¸ntac ton nìmo
thc olik c pijanìthtac kai thc desmeumènhc pijanìthtac èqoume:

P (B0) = P (B0|A0)P (A0) + P (B0|A2)P (A2)

=
1
2

(1− ε) +
1
4
ε =

1
2
− 1

4
ε

P (B1) =
1
2
ε+

1
4

(1− ε) =
1
4

+
1
4
ε

P (B2) =
1
4
ε+

1
4

(1− ε) =
1
4

'Opwc  tan anamenìmeno to �jroisma twn pijanot twn twn gegonìtwn Bi eÐnai 1.

(b)

P (A0|B1) =
P (A0|B1)
P (B1)

=
1
2ε

1
2ε+ 1

4(1− ε)

=
2ε

1 + ε
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P (A1|B1) =
1
4(1− ε)

1
2ε+ 1

4(1− ε)

=
1− ε
1 + ε

P (A2|B1) = 0

MporeÐte na parathr sete ìti to �jroisma twn desmeumènwn pijanot twn eÐnai 1.

'Askhsh 4.
(a) O deigmatoq¸roc tou peir�matoc thc rÐyhc 2 5-pleurwn zari¸n eÐnai: Ω = {1, 2, 3, 4, 5} ×
{1, 2, 3, 4, 5} = {1, 2, 3, 4, 5}2. Up�rqoun 25 dunat� isopÐjana apotelèsmata, afoÔ ta z�ria eÐnai
amerìlhpta kai oi rÐyeic anex�rthtec metaxÔ touc.
SÔmfwna me touc orismoÔc twn gegonìtwn èqoume:
A1 = ”Toul�qiston èna apì ta z�ria fèrnei 5”
A2 = ”Toul�qiston èna apì ta z�ria fèrnei 1”

i. 'Eqoume:

P (A) = p({5, 5}) =
1
25

P (A1) =
5∑

j=1

p({5, j}) +
4∑

i=1

p({i, 5})

=
5
25

+
4
25

=
9
25

Parathr ste ìti

P (A ∩A1) =
1
25
6= 9

252
= P (A)P (A1)

Ta gegonìta A kai A1 den eÐnai anex�rthta.

ii. P (A2) =
∑5

j=1 p({1, j}) +
∑5

i=2 p({i, 1}) = 9
25

Parathr ste ìti

P (A ∩A2) = p({∅}) = 0 6= 9
252

= P (A)P (A2)

Ta gegonìta A kai A2 den eÐnai anex�rthta.

(b) 'Estw ta gegonìta:
B1 = ”'Erqontai diplèc”
B2 = ”Toul�qiston èna apì ta z�ria na èqei fèrei 3”

i.

P (B) = p({4, 4}) + p({3, 5}) + p({5, 3}) =
3
25

P (B1) =
5∑

i=1

p({i, i}) =
5
25
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Parathr ste ìti

P (B ∩B1) = p({4, 4}) =
1
25
6= 3 · 5

252
= P (B)P (B1)

Ta gegonìta B kai B1 den eÐnai anex�rthta.

ii.

P (B ∩B2) = p({3, 5}) + p({5, 3}) =
2
25

Epomènwc èqoume:

P (B2|B) =
P (B ∩B2)
P (B)

=
2/25
3/25

=
2
3

iii.

P (B ∩A1) = p({3, 5}) + p({5, 3}) =
2
25

Epomènwc

P (A1|B) =
P (B ∩A1)
P (B)

=
2/25
3/25

=
2
3

'Askhsh 5.
'Estw Ω to sÔnolo twn zeugari¸n twn apotelesm�twn (rÐyh tou mplè zarioÔ, rÐyh tou kìkkinou
zarioÔ). Tìte Ω = {1, 2, ..., 6}2. H anapar�stash tou Ω faÐnetai ston parak�tw pÐnaka ìpou oi
grammèc antistoiqoÔn sthn mplè rÐyh kai h st lec antistoiqoÔn sthn kìkkinh rÐyh.

(1, 1) (1, 2) (1, 3) (1, 4) (1, 5) (1, 6)
(2, 1) (2, 2) (2, 3) (2, 4) (2, 5) (2, 6)
(3, 1) (3, 2) (3, 3) (3, 4) (3, 5) (3, 6)
(4, 1) (4, 2) (4, 3) (4, 4) (4, 5) (4, 6)
(5, 1) (5, 2) (5, 3) (5, 4) (5, 5) (5, 6)
(6, 1) (6, 2) (6, 3) (6, 4) (6, 5) (6, 6)

(a) Ta apotelèsmata pou eÐnai k�tw apì thn kÔria diag¸nio tou pÐnaka perigr�foun to gegonìc
A. To gegonìc perilamb�nei 15 apì ta 36 apotelèsmata (ta apotelèsmata eÐnai isopÐjana), ètsi
P (A) = 15/36 = 5/12.

(b) 'Estw B to gegonìc na mhn mporeÐ na fèrei 6 to mplè z�ri. Gia na upologÐsoume thn desmeumènh
pijanìthta P (A|B) ja prèpei na gnwrÐzoume tic pijanìthtec P (A∩B) kai P (B). ParathroÔme ìti
P (B) = 5/6. Gia ton upologismì thc P (A∩B) parathr ste ìti ta apotelèsmata pou perigr�foun
to A ∩ B eÐnai aut� pou brÐskontai k�tw apì thn kÔria diag¸nio ektìc apì thn teleutaÐa seir�.
Dhlad  P (A ∩B) = 10/36 = 5/18.
Epomènwc:

P (A|B) =
P (A ∩B)
P (B)

=
5/18
5/6

=
1
3
.

(MporoÔme akìmh na ekfr�soume to A ∩B san 10 apì ta 30 apotelèsmata tou B.)
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(g) Gia na perigr�youme to ”peiragmèno” mplè z�ri, orÐzoume p1, p2, ..., p6 ¸ste pi = P (to apotè-
lesma tou mplè zarioÔ eÐnai i). Ta apotelèsmata pou odhgoÔn sthn nÐkh tou paÐqth eÐnai ekeÐna
pou an koun sthn deutereÔousa diag¸nio tou pÐnaka kai efìson to kìkkino z�ri eÐnai amerìlhpto,
èqoume: P (1, 6) = 1

6p1, P (2, 6) = 2
6p2, k.o.k

Prosjètontac tic pijanìthtec èqoume:

P (o paÐqthc kerdÐzei) =
1
6
p1 +

1
6
p2 +

1
6
p3 +

1
6
p4 +

1
6
p5 +

1
6
p6 =

1
6

(p1 + p2 + p3 + p4 + p5 + p6).

'Opwc kai na eÐnai peiragmèno to z�ri, p1 + p2 + p3 + p4 + p5 + p6 = 1. Epomènwc h pijanìthta
na kerdÐsei eÐnai 1/6 me ìlec tic isodÔnamec pijanìthtec tou mplè zarioÔ. (Kai ta 2 z�ria ja prèpei
na ”peiraqtoÔn” gia na ephreasteÐ h pijanìthta nÐkhc).

'Askhsh 6.
H pijanìthta opoioud pote zeÔgouc anjr¸pwn na petuqaÐnoun thn Ðdia pleur� kat� thn rÐyh eÐnai
1/n2 kai up�rqoun n pijanèc pleurèc gia na èrjoun Ðdiec. Epomènwc:

P (A12) = P (A13) = P (A23) =
n

n2
=

1
n
.

Akìmh:

P (A12) ∩ P (A13) = P (ìloi oi paÐqtec fèrnoun thn Ðdia pleur�) =
n

n3
=

1
n2
.

kai

P (A12) ∩ P (A13) = P (A12) · P (A13).

Epomènwc ta A12 kai A13 eÐnai anex�rthta kai Ðdia gia k�je �llo zeÔgoc apì ta gegonìta
A12, A13 kai A23. Wstìso ta A12, A13 kai A23 den eÐnai anex�rthta. E�n sumboÔn ta A12 kai A13

tìte sumbaÐnei kai to A23 epÐshc. Pio epÐshma: P (A23|A12 ∩A13) = 1 6= P (A23).

'Askhsh 7.
'Estw Tn to gegonìc ìti sthn n rÐyh tou zarioÔ èrqetai mplè pleur�.

(a) 'Estw E1 to gegonìc ìti èrqetai Kor¸na, kai E2 to gegonìc ìti erqetai Gr�mmata. Tìte:

P (Tn) =
1
2
P (Tn|E1) +

1
2
P (Tn|E2) =

1
2

(
5
6

+
1
2

) =
2
3
.

(b) OmoÐwc,

P (Tn ∩ Tn+1) =
1
2
P (Tn ∩ |E1) +

1
2
P (Tn ∩ Tn+1|E1) =

1
2

((
5
6

)2 + (
1
2

)2) =
17
36
.

(g) Tèloc,

P (Tn+1|T1 ∩ T2 ∩ ... ∩ Tn) =
P (Tn+1 ∩ T1 ∩ T2 ∩ ... ∩ Tn)

P (T1 ∩ T2 ∩ ... ∩ Tn)

=
P (Tn+1 ∩ T1 ∩ T2 ∩ ... ∩ Tn)

P (E1)P (T1 ∩ T2 ∩ ... ∩ Tn|E1) + P (E2)P (T1 ∩ T2 ∩ ... ∩ Tn|E2)

=
(5
6)n+1 + (1

2)n+1

(5
6)n + (1

2)n
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Kaj¸c to n aux�netai, h desmeumènh pijanìthta teÐnei sto 5
6 . MporoÔme na ermhneÔsoume

to apotèlesma mac me ton akìloujo trìpo: Efìson ìlec oi pr¸tec rÐyeic fèrnoun mplè pleur�,
eÐnai pio pijanì na qrhsimopoi same to z�ri pou èqei perissìterec pleurèc mplè (gegonìc E1).
QrhsimopoioÔme ton nìmo tou Bayes gia na broÔme thn pijanìthta na qrhsimopoi same to pr¸to
z�ri dedomènou ìti oi n pr¸tec rÐyeic èqoun fèrei mplè pleur�:

P (E1|T1 ∩ T2 ∩ ... ∩ Tn) =
P (E1)P (T1 ∩ T2 ∩ ... ∩ Tn|E1)

P (E1)P (T1 ∩ T2 ∩ ... ∩ Tn|E1 + P (E2)P (T1 ∩ T2 ∩ ... ∩ Tn|E2)

=
(5
6)n

(5
6)n + (1

2)n

Kaj¸c to n aux�netai, h desmeumènh pijanìthta pou qrhsimopoioÔme sto pr¸to z�ri (gegonìc
E1) plhsi�zei sto 1. 'Etsi, perimènoume h desmeumènh pijanìthta na èrjei mplè pleur� sthn epìmenh
rÐyh na proseggÐzei thn pijanìthta ìpou sthn pr¸th rÐyh èrqetai mplè pleur�, dhlad  5

6 .


