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'Askhsh 1.
Ta diagr�mmata V enn pou emfanÐzontai sta sq mata 1,2,3 kai 4 antistoiqoÔn sta erwt mata a, b,
d kai e. Gia to er¸thma g, h pijanìthta P (F ∪ G) mporeÐ na ekfrasteÐ san P (F − G) + P (G −
F ) + P (F ∩G).

Sq ma 1: Di�gramma V enn tou probl matoc 1(a)

Sq ma 2: Di�gramma V enn tou probl matoc 1(b)

Sq ma 3: Di�gramma V enn tou probl matoc 1(d)



Pijanìthtec - 2009/Pr¸th Seir� Ask sewn 2

Sq ma 4: Di�gramma V enn tou probl matoc 1(e)

'Askhsh 2. (a) Jewr ste:

P ({(k,m) : k ≥ m}) =
∑ ∑

(k,m):k≥m

p(k,m) =
∞∑

m=1

∞∑
k=m

p2(1− p)k+m−2

=
∞∑

m=1

∞∑
k=0

p2(1− p)k+m−2

=
p2

(1− p)2
∞∑

m=1

(1− p)2m
∞∑

k=0

(1− p)k

=
p2

(1− p)2
∞∑

m=1

(1− p)2m 1
1− (1− p)

= p
1

1− (1− p)2
=

1
2− p

(b) Jewr ste:

P ({(k,m) : k +m = r}) =
∑ ∑

(k,m):k+m=r

p(k,m)

=
r−1∑
m=1

p2(1− p)m+(r−m)−2 =
r−1∑
m=1

p2(1− p)r−2

= p2(1− p)r−2
r−1∑
m=1

1 = p2(1− p)r−2(r − 1)

(g) Jewr ste:

P ({(k,m) : ìpou k perittìc}) =
∞∑

k=1

∞∑
m=1

p2(1− p)(2k−1)+m−2

=
∞∑

k=0

p(1− p)2k
∞∑

m=0

p(1− p)m =
p

1− (1− p)2
=

1
2− p

'Askhsh 3.
(a) Ac elègxoume an h P (F ) ikanopoieÐ ta trÐa axi¸mata. EÐnai profanèc ìti eÐnai jetik  apì ton
orismì. Akìmh P (Ω) = 1 epeid  to 0 ∈ Ω kai to 1 ∈ Ω. Tèloc jewr ste ìti:

P (F ∪G) =


1/2, an 0 ∈ F ∪G  1 ∈ F ∪G, all� ìqi kai ta dÔo

1, an 0 ∈ F ∪Gkai 1 ∈ F ∪G
0, alli¸c

Ja jèlame na elègxoume an P (F ∪ G) = P (F ) + P (G) ìtan to F kai to G eÐnai xèna. Up�r-
qoun 16 pijanèc peript¸seic:
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i. 0 ∈ F, 0 ∈ G, 1 ∈ F, 1 ∈ G. Den eÐnai xèna.
ii. 0 ∈ F, 0 ∈ G, 1 ∈ F, 1 /∈ G. Den eÐnai xèna.
iii. 0 ∈ F, 0 ∈ G, 1 /∈ F, 1 ∈ G. Den eÐnai xèna.
iv. 0 ∈ F, 0 ∈ G, 1 /∈ F, 1 /∈ G. Den eÐnai xèna.
v. 0 ∈ F, 0 /∈ G, 1 ∈ F, 1 ∈ G. Den eÐnai xèna.
vi. 0 ∈ F, 0 /∈ G, 1 ∈ F, 1 /∈ G. P (F ∪G) = 1, P (G) = 0.
vii. 0 ∈ F, 0 /∈ G, 1 /∈ F, 1 /∈ G. P (F ∪G) = 1, P (F ) = 1/2, P (G) = (1/2).
viii. 0 ∈ F, 0 /∈ G, 1 /∈ F, 1 /∈ G. P (F ∪G) = 1/2, P (F ) = 1/2, P (G) = 0.
ix. 0 /∈ F, 0 ∈ G, 1 ∈ F, 1 ∈ G. Den eÐnai xèna.
x. 0 /∈ F, 0 ∈ G, 1 ∈ F, 1 /∈ G. P (F ∪G) = 1, P (F ) = 1/2, P (G) = 1/2.
xi. 0 /∈ F, 0 ∈ G, 1 /∈ F, 1 ∈ G. P (F ∪G) = 1, P (F ) = 0, P (G) = 1.
xii. 0 /∈ F, 0 ∈ G, 1 /∈ F, 1 /∈ G. P (F ∪G) = 1/2, P (F ) = 0, P (G) = 1/2.
xiii. 0 /∈ F, 0 /∈ G, 1 ∈ F, 1 ∈ G. Den eÐnai xèna.
xiv. 0 /∈ F, 0 /∈ G, 1 ∈ F, 1 /∈ G. P (F ∪G) = 1/2, P (F ) = 1/2, P (G) = 0.
xv. 0 /∈ F, 0 /∈ G, 1 /∈ F, 1 ∈ G. P (F ∪G) = 1/2, P (F ) = 0, P (G) = 1/2.
xvi. 0 /∈ F, 0 /∈ G, 1 /∈ F, 1 /∈ G. P (F ∪G) = 0, P (F ) = 0, P (G) = 0.

IkanopoioÔntai kai ta trÐa axi¸mata. Epomènwc h P (F ) eÐnai sun�rthsh pijanìthtac.

(b) Elègqoume p�li an h P (F ) ikanopoieÐ ta trÐa axi¸mata. An upojèsoume ìti o C eÐnai mh-
arnhtikìc arijmìc tìte kai h P (F ) eÐnai mh-arnhtik  epeid  eÐnai �jroisma jetik¸n arijm¸n. Akìmh:

P (Ω) =
1
C

6∑
i=1

i2 =
91
C

Ean epilèxoume C = 91, tìte P (Ω) = 1. Tèloc ac upojèsoume ìti èqoume 2 gegonìta F kai G
xèna metaxÔ touc. Tìte:

P (F ∪G) =
1
91

∑
i∈(F∪G)

i2 =
1
91

(
∑
i∈F

i2 +
∑
i∈G

i2) = P (F ) + P (G).

Epomènwc h P (F ) eÐnai sun�rthsh pijanìthtac.

(g) Den mporeÐ na eÐnai sun�rthsh pijanìthtac. SkefteÐte ìti

P (Ω) =
∫ ∞
−∞

sinx dx = 0.

Akìmh eÐnai eÔkolo na kataskeuasteÐ èna gegonìc G ¸ste P (G) < 0. Gia par�deigma, jewr ste
G = [π, 2π].

'Askhsh 4.
H sun�rthsh pijanìthtac mporeÐ na prosdioristeÐ me antistoÐqish pijanot twn se upodiast -

mata tou [-1, 1]. AfoÔ epilègoume ta apotelèsmata tuqaÐa, h pijanìthta enìc diast matoc [a, b],
ìpou −1 ≤ a ≤ 1 eÐnai 1

2(b − a) kai eÐnai h Ðdia anex�rthtwc kleistoÔ, anoiqtoÔ   hmi-anoiqtoÔ
diast matoc. Ekfr�zontac opoiod pote sÔnolo san metr simec en¸seic, tomèc kai sumplhr¸mata
diasthm�twn, kai qrhsimopoi¸ntac ta axi¸mata twn pijanot twn, mporoÔme na broÔme thn pijanìth-
ta opoioud pote �llou sunìlou (Borel).

(a) Oi pijanìthtec eÐnai:
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P (B) = P ((−0.5, 1)) =
3
4

P (A ∩B) = P ((−0.5, 0)) =
1
4

P (A ∩ C) = P (∅) = 0

(b) Oi pijanìthtec eÐnai:

P (A ∪B) = P ([−1, 1)) = 1

P (A ∪ C) = P ([−1, 0) ∪ (0.75, 1)) =
5
8

P (A ∩B ∩ C) = P ([−1, 1]) = 1

'Askhsh 5.
Genik�, h pijanìthta thc ènwshc dÔo gegonìtwn eÐnai:

P (A ∪B) = P (A) + P (B −A) = P (A) + P (B)− P (A ∩B)

kai h pijanìthta thc tom c eÐnai:

P (A ∩B) = P (A)− P (B −A) = P (A) + P (B)− P (A ∪B)

Dedomènou ìti P (A) ≥ 0.9 kai P (B) ≥ 0.8 èqoume:

P (A ∩B) = P (A) + P (B)− P (A ∪B) ≥ P (A) + P (B)− 1 = 0.9 + 0.8− 1 = 0.7

Autì eÐnai to kalÔtero dunatì fr�gma. Jewr ste A = [0.0, 0.9], B = [0.2, 1.0] me omoiìmorfh
pijanìthta sto monadiaÐo di�sthma [0.0, 1.0].

'Askhsh 6.
(a) QrhsimopoioÔme ton orismì thc desmeumènhc pijanìthtac gia na upologÐsoume:

P (Ac|Bc) =
P (Ac ∩Bc)
P (Bc)

=
P ((A ∪B)c)

P (Bc)
= 1− P (A ∪B)

P (Bc)
=

0.3
0.4

=
3
4

(b) OmoÐwc:

P (Bc|A) = 1− P (B|A) = 1− P (A ∩B)
P (A)

= 1− P (A) + P (B)− P (A ∪B)
P (A)

=
1
7

'Askhsh 7.
(a) Ac apodeÐxoume ìti Sn − rSn = 1− rn:

Sn − rSn =
n−1∑
k=0

rk −
n−1∑
k=0

rk+1

= 1 +
n−1∑
k=1

rk −
n∑

k=1

rk

= 1 +
n−1∑
k=1

rk −
n−1∑
k=1

rk − rn = 1− rn

= 1− rn
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Epomènwc:

Sn = (1− rn)/(1− r)

(b) Epeid  o par�gontac rn brÐsketai ston arijmht , to ìrio autì ja eÐnai peperasmèno mìno an
to rn fjÐnei kaj¸c to n→∞. Autì shmaÐnei ìti to Sn sugklÐnei an kai mìno an |r| < 1. Se aut n
thn perÐptwsh, to Sn sugklÐnei sto 1/(1− r).

'Askhsh 8.
(a) An prospaj soume na sqedi�soume thn perioq  pou diamorf¸noun oi exis¸seic (bl. Sq ma 5),
èqoume:

Sq ma 5: Perioq  pou prokÔptei apì: |x− 2|+ |y − 2| ≤ 2.

ApoteleÐ tetr�gwno me m koc pleur¸n 2
√

2. H ap�nthsh eÐnai 8.

(b) OmoÐwc, sqedi�zoume thn perioq  pou prokÔptei apì tic exis¸seic mac (bl. Sq ma 6).

Sq ma 6: Perioq  pou prokÔptei apì:
√

(x− 1)2 + (y − 1)2 ≤
1.

ApoteleÐ kÔklo me aktÐna 1. H ap�nthsh eÐnai π.
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(g) ∫ ∞
0

∫ ∞
0

e−xe−2ydx dy =
∫ ∞

0
e−2y[−e−x]|∞0 dy

=
∫ ∞

0
e−2ydy

= −1
2
e−2y|∞0

=
1
2


