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'Askhsh 1.
Na apodeÐxete tic parak�tw isìthtec qrhsimopoi¸ntac diagr�mmata V enn. Shmei¸ste oti h diafor�
isoÔtai me F −G = F ∩Gc kai h summetrik  diafor� wc F4G = (F ∩Gc) ∪ (G ∩ F c).
(a) F ∪G = F ∪ (G− F )
(b) F = (F −G) ∪ (F ∩G)
(g) Gr�yte to F ∪ G san ènwsh tri¸n xènwn sunìlwn. Qrhsimopoi ste ta dÔo prohgoÔmena
erwt mata.
(d) F ∩G = (F ∪G)− (F 4G)
(e) Gia k�je gegonìc F, G kai H deÐxte ìti P (F4G) ≤ P (F4H) + P (H4G)

Me lìgia: an h pijanìthta thc summetrik c diafor�c twn dÔo gegonìtwn eÐnai mikr , tìte ta
dÔo gegonìta prèpei na èqoun perÐpou thn Ðdia pijanìthta. MporeÐte na parathr sete ìti moi�zei
me thn trigwnik  anisìthta. JewroÔme thn P (F4G) wc apìstash   metrik  sta gegonìta.

'Askhsh 2.
Jewr ste ìti èqoume èna q¸ro pijanot twn o opoÐoc èqei deigmatoq¸ro to sÔnolo

Ω = {1, 2, 3, ...}2 = {(k, m) : k, m ∈ Z+}

dhlad  ìla ta zeug�ria jetik¸n akeraÐwn. To sÔnolo twn gegonìtwn (s-�lgebra) eÐnai to dunamo-
sÔnolo tou Ω kai to mètro pijanìthtac (pijanotikìc nìmoc) sto deigmatoq¸ro eÐnai

P ((k, m)) = p2(1− p)k+m−2, 0 < p < 1.

Na upologÐsete tic parak�tw pijanìthtec
(a) P ({(k, m) : k ≥ m}).
(b) P ({(k,m) : k + m = r}) san mia sun�rthsh tou r, gia r = 2, 3, 4, ....
(g) P ({(k,m) : ìpou k perittìc})

'Askhsh 3.
Poièc apì tic parak�tw sunart seic sunìlwn eÐnai sunart seic pijanìthtac (ikanopoioÔn ta trÐa
axi¸mata) ; Na dikaiolog sete tic apant seic sac.

(a) Ω = [0, 1], ìpou to P dÐnetai apì th sqèsh

P (F ) =





1/2, an 0 ∈ F  1 ∈ F, all� ìqi kai ta dÔo
1, an 0 ∈ Fkai 1 ∈ F

0, alli¸c

(b) Ω = {1, 2, 3, 4, 5, 6}

P (F ) =
1
C

∑

i∈F

i2

ìpou to C eÐnai mia stajer�.
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(g) Ω = real line

P (F ) =
∫

F
sinx dx

'Askhsh 4.
'Enac arijmìc x epilègetai tuqaÐa sto di�sthma [-1, 1]. Upojèste ta gegonìta

A = {x < 0}
B = {|x− 0.5| < 1}
C = {x > 0.75}

(a) Na breÐte tic pijanìthtec twn B, A ∩B kai A ∩ C.
(b) Na breÐte tic pijanìthtec twn A ∪B, A ∪ C kai A ∪B ∪ C.

'Askhsh 5.
'Estw ta gegonìta A kai B me P (A) ≥ 0.9 kai P (B) ≥ 0.8. DeÐxte ìti P (A ∩B) ≥ 0.7.

'Askhsh 6.
'Estw P (A) = 0.7, P (Bc) = 0.4 kai P (A ∪B) = 0.7. Na breÐte tic parak�tw pijanìthtec:
(a) P (Ac|Bc)
(b) P (Bc|A)

'Askhsh 7.
'Estw ìti èqoume thn gewmetrik  akoloujÐa

Sn =

{
1, n = 1∑n−1

k=0 rk, n = 2, 3, ...

ìpou to r eÐnai migadikìc arijmìc.
(a) DeÐxte ìti an r 6= 1, tìte Sn − rSn = 1 − rn, apodeiknÔontac ton gnwstì tÔpo gewmetrik c
akoloujÐac

Sn =
1− rn

1− r

(b) K�tw apì poièc proupojèseic sugklÐnei to Sn kaj¸c to n →∞ ; Se ti sugklÐnei ;

'Askhsh 8.
UpologÐste ta parak�tw oloklhr¸mata qrhsimopoi¸ntac grafikèc parast�seic.
(a)

∫ ∫
{(x,y):|x−2|+|y−2|≤2} dx dy

(b)
∫ ∫

{(x,y):
√
|x−1|2+|y+1|2≤1} dx dy

(g)
∫∞
0

∫∞
0 e−xe−2ydx dy


