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: 8/10/2008'Askhsh 1.O deigmatoq¸ro
 tou peir�mato
 e�nai {H,T}3 = {H,T} × {H,T} × {H,T} kai to mègejo
 tou

|{H,T}3| = 8.(a) To gegonì
 {HHH} apotele� èna monadikì apotèlesma tou deigmatoq¸rou. Efìson ta nom�-smata e�nai amerìlhpta, tìte to deigmatoq¸ro
 akolouje� ton kanìna th
 omoiìmorfh
 katanom 
,opìte h zhtoÔmenh pijanhta e�nai 1/|Ω| = 1/8.(b) To gegonì
 {HTH} apotele� èna monadikì apotèlesma tou deigmatoq¸rou. Efìson ta nom�-smata e�nai amerìlhpta, tìte to deigmatoq¸ro
 akolouje� ton kanìna th
 omoiìmorfh
 katanom 
,opìte h zhtoÔmenh pijanhta e�nai 1/|Ω| = 1/8.(g) To gegonì
 na èrjoun dÔo kor¸ne
 kai èna gr�mma apotele�tai apì to ex 
 apotelèsmata
{THH,HTH,HHT}. Sunep¸
 h zhtoÔmenh pijanìthta e�nai �sh me 3/8.(d) To gegonì
 autì mpore� na ekfraste� pio akribè
 e�te w
 dÔo kor¸ne
 kai èna nìmisma megr�mmata, e�te trei
 kor¸ne
. H pijanìthta na èrjoun oi kor¸ne
 kai èna gr�mmata d�netai apìto upoer¸thma (g), en¸ h pijanìthta na èqoume trei
 kor¸ne
 apì to upoer¸thma (a). 'Ara hzhtoÔmenh pijanìthta e�nai to �jroisma twn duo aut¸n pijanot twn, �ra 3/8 + 1/8 = 1/2.'Askhsh 2.(a) Gnwr�zoume ìti P (A ∪ B) = P (A) + P (B) − P (A ∩ B) kai P (A ∪ B) ≤ 1. Opìte èqoume:

P (A ∪ B) ≤ 1

P (A) + P (B) − P (A ∩ B) ≤ 1

P (A) + P (B) ≤ 1 + P (A ∩ B)

P (A) + P (B) − 1 ≤ P (A ∩ B)(b) Qrhsimopoi¸nta
 tou
 kanìne
 De Morgan èqoume:
1 − P (A1 ∩ · · · ∩ An) = P ((A1 ∩ · · · ∩ An)c)

= P (Ac
1 ∪ · ∪ Ac

n)

≤ P (Ac
1) + · · · + P (Ac

n)

= (1 − P (A1)) + · · · + (1 − P (An))

= n − P (A1) − · · · − P (An)'Askhsh 3.Gia thn gewmetrik  ermhne�a twn zhtoÔmenwn pijanot twn de�te to sq ma 1.(1) P (A) = 2
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.(4) P (C) = 0, efìson aÔto to gegonì
 den èqei embdadìn.(5) P (D) = 1
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Sq ma 1: H gewmetrik  ermhne�a twn pijanot twn th
 �skhsh
 3. H grammoskiasmène
 perioqè
se k�je di�gramma anaparast� to ant�stoiqo gegonì
, ìpou o orizìntio
 �xono
 e�nai o arijmì
 toudi�lexe h Mar�a kai o k�jeto
 �xona
 o arijmì
 pou di�lexe h Qrist�na.'Askhsh 4.(a) To zhtoÔmeno gegonì
 e�nai h ènwsh tou A kai B, �ra h zhtoÔmenh pijanothta e�nai:
P (A ∪ B) = P (A) + P (B) − P (A ∩ B).(b) To zhtoÔmeno gegonì
 mpore� na ekfraste� kai w
 �To A kai ìqi to B   to B kai ìqi to
A�, dhlad  se (A ∩ Bc) ∪ (Ac ∩ B). Mpore� ep�sh
 na ekfraste� kai ¸
 (A ∪ B)\(A ∩ B), ìpouqrhsimopoi¸nta
 thn pijanìthta apì to er¸thma (a) èqoume ìti:
P ((A ∩ Bc) ∪ (Ac ∩ B)) = P (A) + P (B) − 2 · P (A ∩ B).'Askhsh 5.Up�rqoun oi dÔo pijanè
 ermhne�e
 gia to zhtoÔmeno er¸thma, pou ofe�lontai sto an jewr soume ìtio deigmatoq¸ro
 or�zetai w
 {1, 2, 3, 4}2 , ìpou h seir� me thn opo�a emfan�zontai ta apotelèsmatatou k�je zarioÔ metr�ei, dhlad  to gegonì
 (2, 3) e�nai diaforetikì tou (3, 2),   an jewr soumeìti o deigmatoq¸ro
 or�zetai w
 {{i, j}|i, j ∈ {1, 2, 3, 4}}, ìpou h seir� me thn opo�a emfan�zontaita apotelèsmata tou k�je zarioÔ den metr�ei. Oi dÔo peript¸sei
 e�nai diaforetikè
 metaxÔ tou
,kaj¸
 o èmmeso
 orismì
 tou kanìna pijanot twn pou prokÔptei apì to deigmatoq¸ro, diafèreiìtan efarmìzetai se k�je per�ptwsh (pio sugkekrimèna h stajer� kanonikopo�hsh
 upolog�zetaidiaforetik�). K�je ermhne�a e�nai ègkurh, kai oi dÔo dunatè
 lÔsei
 parousi�zontai akoloÔjw
.Upojètwnta
 Ω = {1, 2, 3, 4}2To prìblhma or�zei ìti oi pijanìthta gia k�poio zeug�ri (a, b) pou r�qnoume e�nai P ({(a, b)}) = c·a·b,gia k�poia stajer� c. Oi timè
 tou a · b gia ìla ta stoiqe�a tou deigmatoq¸rou d�nontai apì tonparak�tw p�naka: 1 2 3 41 1 2 3 42 2 4 6 83 3 6 9 124 4 8 12 16Gia na broÔme to nìmo pijanot twn, prèpei na pollaplasi�soume ta stoiqe�a tou parap�nw p�nakame thn stajer� kanonikopo�hsh
 c. Gia na upolog�soume thn stajer� c qrhsimopoioÔme to ax�wmath
 kanonikopo�hsh
 pou apaite�:

∑

a∈{1,2,3,4}

∑

b∈{1,2,3,4}

P ({(a, b)}) = 1Opìte èqoume ìti c = 1
P

a

P

b
a·b = 1

100
. Sunep¸
 o nìmo
 pijanot twn gia k�je uposunolo toudeigmatoq¸rou mpore� na upologiste� w
 : P ({(a, b)}) = a·b

100
.(a) 2+4+2+4+6+6+12+4+8+12+16

100
= 84

100(b) To gegonì
 e�nai {(2, 3) ∪ (3, 2)}, �ra 6

100
+ 6

100
= 3

25
.
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 Ω = {{i, j}|i, j ∈ {1, 2, 3, 4}}To prìblhma or�zei ìti h pijanìthta gia k�je stoiqe�o tou deigmatoq¸rou e�nai P ({{a, b}}) = c ·a ·bgia k�poia stajer� c. Oi timè
 a ·b gia ìla ta stoiqe�a tou deigmatoq¸rou d�nontai apì to parak�twp�naka: 1 2 3 41 12 2 43 3 6 94 4 8 12 16Parathr ste ìti o p�naka
 èqei trigwnik  morf . Gia na broÔme ton pijanotikì nìmo, qrei�zetaina upolog�soume thn stajer� c. Gia na upolog�soume thn stajer� c qrhsimopoioÔme to ax�wma th
kanonikopo�hsh
, pou apaite�:
∑

a∈{1,2,3,4}

∑

b≤a

P ({{a, b}}) = 1Sunep¸
 c = 65 kai o nìmo
 pijanot twn gia k�je uposunolo tou deigmatoq¸rou mpore� na upo-logiste� w
 : P ({{a, b}}) = a·b
65
.(a) 2+4+6+4+8+12+16

65
= 52

65(b) 6

65
.'Askhsh 6.(a) To pe�rama jewroÔme ìti g�netai se dÔo f�sei
. Sthn pr¸th f�sh g�netai h epilog  twn dÔokerm�twn, en¸ sth deÔterh f�sh g�netai to r�ximo aut¸n. Up�rqoun trei
 diaforetiko� trìpoi metou
 opo�ou
 mpore� na g�nei h epilog  dÔo kerm�twn apì èna sÔnolo tri¸n: epilègoume to pr¸tokai to deÔtero   to pr¸to kai to tr�to   to deÔtero kai to tr�to. Kajèna apì aut� ta zeug�riaèqei thn �dia pijanìthta epilog 
. Ep�sh
, gia k�je zeug�ri kerm�twn up�rqoun ta ex 
 endeqìmenar�yewn: (kefal , kefal ), (kefal , gr�mmata), (gr�mmata, kefal ), (gr�mmata, gr�mmata). 'Ara,o deigmatoq¸ro
 mpore� na perigrafe� me ton trìpo pou fa�netai sto sq ma 2.(b) H pijanìthta kai oi dÔo pleurè
 pou èrqontai met� th r�yh twn dÔo kerm�twn na e�nai bammène
me to �dio qr¸ma e�nai:

P (pleurè
 me �dio qr¸ma) = P ((mple,mple)) + P ((kìkkino,kìkkino))
=

1

3

{1

2
(1 − p) +

1

2
(1 − p) + p2 + (1 − p)2

}

=
1

3
(2p2 − 3p + 2)'Omw
, P (pleurè
 me �dio qr¸ma) = 29/96.LÔnonta
 th deuterob�jmia ex�swsh (1/3)(2p2 −3p+2) = 29/96, br�skoume ìti p = 5/8   p = 7/8.
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Sq ma 2: Dendrik  anapar�stash zht mato
 2.(a)


