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Jèma 1(a) (i) Swstì : P (Ec ∪ F c) = P ((EF )c) = 1 − P (EF )

(ii) Swstì : 1 − P (Ec|F c)P (F c) = 1 − P (EcF c) = 1 − P ((E ∪ F )c) = P (E ∪ F )

(iii) L�jo
 : An ta E kai F e�nai anex�rthta, tìte:
P (E|F c) + P (E|F ) = P (E) + P (E) = 2P (E) pou den mpore� na isoÔtai me 1 gia k�je
E.

(iv) L�jo
:
P (EF |E) = P (EF )

P (E)

P (EF |F ) = P (EF )
P (F )


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





H isìthta isqÔei mìno ìtan P (E) = P (F ).

(v) Swstì:Autì e�nai apl� to je¸rhma olik 
 pijanìthta
 gia to gegonì
 E dedomènoutou F .
(vi) Swstì: P (E|F )P (F ) + P (Ec|F )P (F ) = P (EF ) + P (EcF ) = P (EF ∪EcF ) = P (F ).
(vii) L�jo
: Apaite�tai ta E,F,G na e�nai kai an� dÔo anex�rthta.
(viii) L�jo
: P (E|F ) = P (EF )

P (F ) = 0, afoÔ P (EF ) = 0 (E,F xèna).(b) Ma
 zhte�tai na sugkr�noume ti
 pijanìthte
 P (A|Bc) kai P (A). Apì to je¸rhma olik 
pijanìthta
 èqoume:
P (A) = P (A|B)P (B) + P (A|Bc)P (Bc)Epomènw
,

P (A|Bc) =
P (A) − P (A|B)P (B)

P (Bc)

≤
P (A) − P (A)P (B)

P (Bc)
, afoÔ P (A|B) > P (A)

=
P (A)(1 − P (B))

P (Bc)

= P (A)Sunep¸
, P (A|Bc) ≤ P (A), dhlad  h gn¸sh ìti to gegonì
 B den sunèbh mei¸nei thnpijanìthta na e�nai ènoqo
 o kathgoroÔmeno
.Jèma 2(a) 'Estw to gegonì
 R èrqetai kìkkino kai Rc den èrqetai kìkkino, me pijanìthte

P (R) = 18/38 kai P (Rc) = 20/38 ant�stoiqa. Tìte to dendrikì di�gramma tou peir�mato
fa�netai sto sq ma 1 kai o zhtoÔmeno
 p�naka
 e�nai o ex 
:

Ω R RcRR RcRRc RcRcR RcRcRc
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Sq ma 1: To dendrikì di�gramma tou jèmato
 2.Epomènw
, to ped�o tim¸n th
 t.m. X e�nai: {−1,−3, 1} kai h sun�rthsh pijanìthta
 e�nai:
pX(x) =











2 · 18
38

(

20
38

)2
= 0.2624 , x = −1

(

20
38

)3
= 0.1458 , x = −3

18
38 + 20

38

(

18
38

)2
= 0.5918 , x = 1(b) P (X > 0) = P (X = 1) = 0.5918, dhlad  èqoume pijanìthta megalÔterh apì 50% nakerd�soume.(g) E[X] = (−1) · 0.2624 + (−3) · 0.1458 + 1 · 0.5918 = −0.108 pou ma
 lèei ìti kat� mèso ìroq�noume per�pou 11 sent ìtan pa�zoume to paiqn�di.(d) Telik� blèpoume ìti h strathgik  pou ma
 prote�nei o f�lo
 ma
 den e�nai kai polÔ kal .Jèma 3(a) Kaj¸
 prèpei na r�xoume to nìmisma toul�qiston 2 forè
 gia na èrjoun 2 K kai mpore� naqreiaste� na to r�xoume �peire
 forè
 kai na mhn èrqetai to K, sumpera�noume ìti h tuqa�ametablht  N pa�rnei timè
 {2, 3, 4, . . .}. To gegonì
 {N = n} sumba�nei mìno an se n − 1r�yei
 emfaniste� 1 for� to K (kai epomènw
 n − 2 forè
 tou G) kai sthn r�yh n emfaniste�to K. 'Ara:

pN (n) = P (N = n) =

(

n − 1

1

)

p(1 − p)n−2 · p, n = 2, 3, . . .

= (n − 1)p2(1 − p)n−2, n = 2, 3, 4, . . .Me �lla lìgia h N akolouje� Pascal katanom  me r = 2 (Shmei¸sei
 sel�da 51).(b) Gia thn diwnumik  katanom  èqoume de�xei ìti:
E[X] = np kai var(X) = np(1 − p). Sunep¸
, 6 = np kai 2.4 = np(1 − p) �ra p = 0.6 kai n = 10. Opìte:

(i) P (X = 5) =
(10

5

)

0.65 · 0.45 = 0.2007.
(ii) P (2X ≥ 5) = P (X ≥ 2.5) =

∑10
k=3

(10
k

)

0.6k · 0.410−k = 0.9877

(iii) var(3x − 2) = 9var(X) = 9 · 2.4 = 21.6
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∑

x=1

3
∑

y=1

pxy(x, y) = 1 ⇒

c + c + 2c + 2c + 0 + 4c + 3c + c + 6c = 1 ⇒

20c = 1 ⇒

c =
1

20.(b)
pY (2) =

3
∑

x=1

pX,Y (x, 2) = 2c + 0 + 4c = 6c =
3

10.(g) To ped�o tim¸n th
 Z e�nai {1, 4, 9, 2, 18, 3, 12, 27} kai h sun�rthsh pijanìthta
 th
 e�nai:
z 1 2 3 4 9 12 18 27

pZ(z) 3/20 2/20 1/20 1/20 6/20 1/20 4/20 2/20(d)
pX|Y (x|2) =

PX,Y (x, 2)

PY (2)
=







2c
6c

= 1
3 , x = 1

4c
6c

= 2
3 , x = 3

0 , alloÔ
E[Z|Y = 2] = E[Y X2|Y = 2]

= E[2X2|Y = 2]

= 2E[X2|Y = 2]

= 2

3
∑

x=1

x2pX|Y (x|2)

= 2

(

12 ·
1

3
+ 32 ·

2

3

)

=
38

3(e) 'Eqoume ìti pX(2) =
∑3

y=1 pX,Y (2, y) = c + 0 + c = 2c = 2/10.
pY |X(y|2) =

PX,Y (2, y)

PX(2)
=







c
2c

= 1
2 , y = 1

c
2c

= 1
2 , y = 3

0 , alloÔGia na upolog�soume thn desmeumènh diaspor� qreiazìmaste:
E[Y 2|X = 2] =

3
∑

y=1

y2 · pY |X(y|2) = 12 ·
1

2
+ 32 ·

1

2
= 5

E[Y |X = 2] =
3

∑

y=1

y · pY |X(y|2) = 1 ·
1

2
+ 3 ·

1

2
= 2'Ara:

var(Y |X = 2) = E[Y 2|X = 2] − (E[Y |X = 2])2 = 5 − 22 = 1.


