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Jèma 1(a) H mèsh tim  th
 X e�nai:
E[X] =

4 − 0

10
· 0 +

4 − 1

10
· 1 +

4 − 2

10
· 2 +

4 − 3

10
· 3 = 1.Gia na upolog�zoume thn diaspor� arke� na upolog�zoume thn deÔterh rop  th
 X:

E[X2] =
4 − 0

10
· 02 +

4 − 1

10
· 12 +

4 − 2

10
· 22 +

4 − 3

10
· 32 = 2'Ara:

σ2
X = E[X2] − E

2[X] = 1.(b) H tuqa�a metablht  Y mpore� na ekfraste� san to �jroisma 2 · 108 anex�rthtwn tuqa�wnmetablht¸n X1,X2, . . . me thn �dia katanom  pX(x):
Y =

2·108

∑

i=1

Xi.Epomènw
:
E[Y ] = 2 · 108 · E[X] = 2 · 108.(g) 'Estw R to gegonì
 ìti to leitourgikì sÔsthma epanegkaj statai se èna sugkekrimèno upo-logist . Tìte:

P (R) =

3
∑

k=0

P (R|X = k) · Px(k)

=

3
∑

k=0

(1 − 2−k) · 4 − k

10

=
1

2
· 3

10
+

3

4
· 2

10
+

7

8
· 1

10

=
31

80
= 0.3875(d)

P (X = k|R) =
P (R|X = k) · Px(k)

P (R)

=
8(1 − 2−k)(4 − k)

31
, k = 0, 1, 2, 3.Jèma 2(a) Profan¸
 ja prèpei c > 0 (¸ste fX(x) ≥ 0,∀x). Ep�sh
:

∫ +∞

−∞

fX(x)dx = 1 ⇒ c

∫ 3

0
xdx + c

∫ 6

3
(6 − x)dx = 1

c
1

2
x2|30 + c(6x − 1

2
x2)|63 = 1 ⇒ 9c = 1 ⇒ c =

1

9
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3 6
x

Fx(x)

0.5

1

Sq ma 1: H ajroistik  sun�rthsh katanom 
 gia to er¸thma (b) jèma 2.(b) H ajroistik  sun�rthsh katanom 
 gia suneqe�
 tuqa�e
 metablhtè
 e�nai FX(x) =
∫ x
−∞

fX(u)du.Sunep¸
:
• x < 0 : FX(x) = 0

• 0 ≤ x < 3 : FX(x) = 1
9

∫ 3
0 udu = x2

18

• 3 ≤ x < 6 : FX(x) = 1
9

∫ 3
0 udu + 1

9

∫ 6
3 (6 − u)du = 1 − (6−x)2

18

• x ≥ 6 : FX(x) = 1(g) Efìson o arijmì
 twn kommati¸n pou poul�ei h Dell mèsa se mia mèra metriètai se qili�de
komm�tia, tìte oi zhtoÔmene
 pijanìthte
 e�nai oi ex 
:
P (A) = P (X > 3) = 1 − FX(3) = 0.5kai

P (B) = P (1.5 ≤ X ≤ 9) = FX(9) − FX(1.5) = 1 − 0.125 = 0.875(d) H tom  twn gegonìtwn A kai B e�nai to gegonì
 A ∩ B = 3 < X ≤ 9 kai
P (A ∩ B) = P (3 < X ≤ 9) = P (X > 3) = 0.5 = P (A) 6= P (A) · P (B)Opìte ta gegonìta A, B den e�nai anex�rthta.Jèma 3(a)

P (|X| < 8) = P (−8 < X < 8)

= Φ

(

8 − 2

10

)

− Φ

(−8 − 2

10

)

= Φ(0.6) − Φ(−1)

= Φ(0.6) − (1 − Φ(1))

= Φ(0.6) + Φ(1) − 1(b)
E

[

(X − 4)2
]

= E[X2 − 8X + 16]

= E[X2] − 8E[X] + 16

= var(X) + E
2[X] − 8E[X] + 16

= 100 + 4 − 8 · 2 + 16 = 104
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Y

X

a

−aSq ma 2: H grafik  par�stash tou metasqhmatismoÔ, er¸thma (i), jèma 4.(g) Efìson Y = (X − 2)2, h Y pa�rnei mh arnhtikè
 timè
, opìte fY (y) = 0 gia y < 0. Gia y ≥ 0èqoume:
FY (y) = P (Y ≤ y) = P ((X − 2)2 ≤ y)

= P (−√
y ≤ X − 2 ≤ √

y)

= P (2 −√
y ≤ X ≤ 2 +

√
y)

= Φ

(

2 +
√

y − 2

10

)

− Φ

(

2 −√
y − 2

10

)

= Φ

(√
y

10

)

− Φ

(−√
y

10

)

= 2Φ

(√
y

10

)

− 1opìte:
fY (y) =

d

dy
FY (y) = 2

d

dy
Φ

(√
y

10

)All� h Φ(u) e�nai h ajroistik  sun�rthsh katanom 
 th
 tupik 
 gkaousi�nh
 kai sunep¸

dΦ(u)

du
=

1√
2π

e−u2/2. 'Etsi:
fY (y) = 2

1√
2π

e−
1

2
(
√

y/10)2 · d

dy

(√
y

10

)

= 2
1√
2π

e−y/200 · 1

2

1√
y10

=
1

10
√

2πy
e−y/200, y ≥ 0Jèma 4(i) Profan¸
, h tuqa�a metablht  Y e�nai diakrit  kai pa�rnei timè
 ±a.(ii) PY (a) = P (Y = a) = P (X > 0) = 1/2 kai PY (−a) = P (Y = −a) = P (X ≤ 0) = 1/2, afoÔh Q e�nai gkaousian  me mhdenik  mèsh tim . 'Ara:

PY =

{

1/2, y = a
1/2, y = −a
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• Gia X = π

4 èqoume X−Y = π
4−1 ≃ −0.2146, �ra Z = (X−Y )2 = (−0.2146)2 = 0.0461.

• Gia X = −π
4 èqoume X−Y = −π

4 −(−1) ≃ 0.2146, �ra Z = (X−Y )=0.21462 = 0.0461.ParathroÔme ìti to tetr�gwnikì sf�lma gia to +X e�nai to �dio me autì gia to −X.(iv)
E[Z] = E

[

(X − Y 2)
]

= E[(X − Y )2|X > 0] · P (X > 0) + E[(X − Y )2|x ≤ 0] · P (X ≤ 0)

=
1

2
· E[(X − a)2|X > 0] +

1

2
·E[(X + a)2|X ≤ 0]

=

∫ +∞

0
(x − a)2)fX(x)dx +

∫ 0

−∞

(x + a)2)fX(x)dx

=

∫ +∞

−∞

x2fX(x)dx +

∫ +∞

−∞

a2fX(x)dx − 2a

∫ +∞

0
xfX(x)dx + 2a

∫ 0

−∞

xfX(x)dx

= var(X) + µ2
X + a2 − 4a

∫ +∞

0
x

1√
2π

e−x2/2dx

= 1 + 0 + a2 − 4a
1√
2πGia thn elaqistopo�hsh tou E[Z] èqoume:

dE[Z]

da
= 0 ⇒ 2a − 4√

2π
= 0 ⇒ a =

√

2

π(H deÔterh par�gwgo
 w
 pro
 a e�nai 2 > 0, opìte a e�nai ìntw
 el�qisto.)


