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'Askhsh 1.

(a) Efìson ∫ ∞

−∞
fX(x)dx = 10α

h monadik  tim  gia to α eÐnai α = 0.1.

(b) Efìson h fX(·) eÐnai �rtia sun�rthsh, tìte èqoume ìti E[X] = 0. Epiplèon,

var(X) = E[X2] =
∫ ∞

−∞
x2fX(x)dx

= 2
∫ 10

0

10− x

100
x2dx =

50
3

.

(g) OmoÐwc, h ajroistik  sun�rthsh katonom c thc X eÐnai:

FX(x) =
∫ x

−∞
fX(t)dt

=





0, x < −10,
0.005(x + 10)2, x ∈ [−10, 0]
1− 0.005(x− 10)2, x ∈ [0, 10],
1, x > 10

(d) H sun�rthsh puknìthtac pijanìthtac fY (·) thc Y eÐnai to �jroisma twn sunart sewn

g1(x) =
{

fX(5− x), x ∈ [0, 15],
0, alli¸c

kai
g2(x) =

{
fX(x + 5), x ∈ [0, 5],
0, alli¸c

opìte:

fY (x) =





0.1, x ∈ [0, 5],
0.1− 0.01(x− 5), x ∈ [5, 15]
0, alli¸c

'Askhsh 2. PrwtoÔ xekin soume ac jumhjoÔme merikèc qr simec exis¸seic gia tic ekjetikèc
tuqaÐec metablhtèc. 'Estw Z mia ekjetik  tuqaÐa metablht  me par�metro λ > 0:

fZ(z) =
{

λe−λz, z ≥ 0
0, z < 0

FZ(z) = P (Z ≤ z) =
∫ z

−∞
fZ(t)dt =

{
0, z ≤ 0
1− e−λz, z ≥ 0

E[Z] =
1
λ

, E[Z2] =
2
λ2

, var(Z) =
1
λ2
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(a) 'Estw A to gegonìc ìti h l�mpa pou epilèqjhke eÐnai thc etairÐac A (opìte h X eÐnai mia
ekjetik  tuqaÐa metablht  me par�metro λ = 1 dedomènou tou gegonotoc A). Tìte to Ac

eÐnai to gegonìc ìti h l�mpa pou epilèqjhke eÐnai thc etairÐac B (opìte h X eÐnai ekjetik 
tuqaÐa metablht  me par�metro λ = 3 dedomènou tou gegonìtoc Ac). Pr¸ta upologÐzoume
tic P (D|A) kai P (D|Ac):

P (D|A) = P (X > t|A)
= 1− FX|A(t)

= e−t

P (D|Ac) = P (X > t|AC)
= 1− FX|Ac(t)

= e−3t

Gia na upologÐsoume thn P (D), qrhsimopoioÔme to je¸rhma thc olik c pijanìthtac:

P (D) = P (D|A) · P (A) + P (D|Ac) · P (Ac)

= e−t · 1
2

+ e−3t · 1
2

=
e−t + e−3t

2

(b) 'Estw C1A to gegonìc ìti h pr¸th l�mpa pou qrhsimopoioÔme proèrqetai apì thn etairÐa A.
ParathroÔme ìti to gegonìc C1A eÐnai isodÔnamo me to gegonìc A tou upoerwt matoc (a).
Qrhsimopoi¸ntac ton kanìna tou Bayes èqoume ìti:

P (C1A|D) = P (A|D) =
P (D|A)P (A)

P (D)
=

e−t · 1
2

e−t+e−3t

2

=
e−t

e−t + e−3t

(g) H mèsh tim  thc tuqaÐac metablht c X eÐnai:

E[X] = E[X|A] · P (A) + E[X|Ac] · P (Ac) = 1 · 1
2

+
1
3
· 1
2

=
2
3

Kai gia thn diaspor� tou èqoume:

E[X2|A] =
2
12

, E[X2|Ac] =
2
32

E[X2] = E[X2|A] · P (A) + E[X2|A2] · P (Ac) =
10
9

var(X) = E[X2]− (E[X])2 =
2
3

'Askhsh 3.

(a)

P (o Qr stoc kerdÐzei) = 1− P (o Qr stoc q�nei)
= 1− P (X > Y )

= 1−
∫ 3

2

∫ x

2

1
4
dydx

=
7
8
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(b) To pl joc twn ag¸nwn pou sunolik� kerdÐzei o Qr stoc sto sÔnolo twn 10 ag¸nec eÐnai mia
apl  diwnmik  tuqaÐa metablht  me par�metro 10 kai me thn pijanìthta aut  pou upologÐsame
sto upoer¸thma (a). 'Eqoume loipìn:

P [o Qr stoc kerdÐzei 7 stouc 10 ag¸nec] =
(

10
7

)(
7
8

)7 (
1
8

)3

(g) O nikht c tou ag¸na èkane ton mikrìtero qrìno. Opìte h katanom  tou qrìnou pou pragma-
topoÐhse o nikht c tou ag¸na eÐnai W = min(X, Y ). Gia na lÔsoume to zhtoÔmeno, pr¸ta ja
upologÐsoume thn ajroistik  sun�rthsh katanom c kai met� ja thn paragontopoi soume gia
na par�goume thn sun�rthsh puknìthta pijanìthtac.

FW (w) = P (min(X,Y ) ≤ w)
= 1− P (min(X,Y ) > w)
= 1− P (X > w, Y > w)

=





0, w ≤ 1
1− 1

2(3− w), 1 < w ≤ 2
1− 1

4(12− 7w + w2), 2 < w ≤ 3
1, w > 3

Paragontopoi¸ntac ajroistik  sun�rthsh katanom c par�goume thn sun�rthsh puknìthta
pijanìthtac thc W :

fW (w) =





1
2 , 1 < w ≤ 2
7
4 − w

2 , 2 < w ≤ 3
0, allÐwc

'Askhsh 4.
(a) Dedomènou tou X = x, fY |X(y|x) = 1

xfG

( y
x

)
eÐnai omoiìmorfh katanom  sto di�sthma [0.5x, 1.5x].

Pio diaisjhtik�, dedomènou tou X = x, èqoume ìti Y = Gx, ìpou x mporeÐ na to doÔme kai
wc stajer�.

fY |X(y|x) =
{

1
x , x

2 ≤ y ≤ 3x
2 , 0 < x < 1

0, alli¸c

(b)

fX,Y (x, y) = fY |X(y|x)fX(x) =
1
x

,
x

2
≤ y ≤ 3x

2
, 0 < x < 1.

(g)

fY (y) =
∫

fX,Y (x, y)dx =

{ ∫ 2y
2/3y

1
xdx = ln(2y)− ln(2y

3 ) = ln(3), 0 < y < 1
2∫ 1

2/3y
1
xdx = − ln(2y

3 ), 1
2 < y < 3

2

(d)

fX|Y (x|y = 1/2) =

{
fX,Y (x,1/2)

fY (1/2) = 1/x
ln(3) , 1/3 ≤ x < 1

0, alli¸c

'Askhsh 5. Gia na ekfr�soume ton ρX,2Y se sqèsh me ton ρX,Y proqwr�me akoloÔjwc:

COV (X, 2Y ) = E((X − EX)(2Y − E2Y ))
= 2E((X −EX)(Y − EY )) = 2COV (X, Y )

σ2Y =
√

E(2Y −E2Y )2 =
√

4E(Y − EY )2 = 2σY

ρX,2Y =
COV (X, 2Y )

σXσ2Y
=

2COV (X, Y )
σX2σY

=
COV (X, Y )

σXσY
= ρX,Y

En gènei, o suntelest c eterosusqètishc twn aX + b kai cY + d eÐnai pX,Y , an a > 0, b > 0 kai
c > 0, d > 0.
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Sq ma 1: H grafik  par�stash gia to upoer¸thma (b) thc �skhshc 4.

Sq ma 2: H grafik  par�stash gia to upoer¸thma (g) thc �skhshc 4.

Sq ma 3: H grafik  par�stash gia to upoer¸thma (d) thc �skhshc 4.


