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'Askhsh 1.
Koit�zontac to sÔsthma met�doshc, parathroÔme ìti h pijanìthta na gÐnei k�poio l�joc kat� thn
met�dosh enìc bit eÐnai p = 0.2, anex�rthta an autì to bit eÐnai 1   0. Me aut  thn parat rhsh,
mporoÔme na jewr soume thn tuqaÐa metablht  R wc diwnumik  me n = 40 kai p = 0.2.

(a) 'Ara h sun�rthsh pijanìthtac thc tuqaÐac metablht c R eÐnai:

pE(eo) =
(

40
eo

)
· 0.2eo · 0.840−eo

(b)

P (toul�qiston 38 bits metadìjhkan swst�) = P (Eo < 3)
= P (Eo = 2) + P (Eo = 1) + P (Eo = 0)

=
(

40
2

)
0.220.838 +

(
40
1

)
0.210.839 +

(
40
0

)
0.840

= 0.00794

(g) Se èna leptì metadÐdontai 6 · 107 bits kai
P (toul�qiston èna bit metadÐdetai l�joc) = P (Eo > 0)

P (Eo > 0) = 1− P (EO = 0)

= 1−
(

n

0

)
(1− p)n−0

= 1−
(

6 · 107

0

)
(1− 5 · 108)6·107

= 1− 0.0498
= 0.95022

'Askhsh 2.
GnwrÐzoume ìti gia mia tuqaÐa metablht  pou akoloujeÐ thn katanom  Poisson me par�metro λ isqÔei
ìti:

P (X = i) =
λi · e−λ

i!
.

Opìte :
P (X = i)

P (X = i− 1)
=

λi · e−λ

i!
. · (i− 1)!

λi−1 · e−λ
=

λ

i

opìte gia 0 < i < λ to kl�sma eÐnai megalÔtero tou 1, �ra h P (X = i) eÐnai gnhsÐwc aÔxousa,
alli¸c to kl�sma eÐnai mikrìtero tou 1 kai �ra h P (X = i) gnhsÐwc fjÐnousa.

'Askhsh 3.
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(a) To pl joc tou arijmoÔ sokolat¸n pou qrei�zetai na katanal¸seic eÐnai mia gewmetrik  tuqaÐa
metablht . 'Etsi, an onom�zoume thn metablht  mac C tìte P (C = k) = (1− p)k−1p. Gia na
broÔme to mèso arijmì sokolat¸n pou prèpei k�poioc na f�ei gia na breÐ èna koupìni èqoume
ìti:

E[C] =
∞∑

k=1

k(1− p)k−1p =
1
p
.

Gia na katal�boume giatÐ h parap�nw isìthta eÐnai alhjeÐc, ac skeftoÔme to ex c:

(1− p) < 1 ⇒
∞∑

k=1

(1− p)k =
1− p

p

(paragopoi¸ntac wc proc p) ⇒
∞∑

k=1

k(1− p)k−1 =
1
p2

⇒
∞∑

k=1

k(1− p)k−1p =
1
p

ìpwc isqurÐsthke parap�nw.

(b) Thn diaspor� thc tuqaÐac metablht c thn brÐskoume me parìmoio trìpo:

V ar[C] = E[C2]− 1
p2

=
1− p

p2
.

H parap�nw isìthta mporeÐ na paraqjeÐ eÔkola, ìpwc kai aut  tou (a) upoerwt matoc, xeki-
n¸ntac me èna apeÐro gewmetrikì �jroisma pou sugklÐnei kai paragopoi¸ntac to kat�llhla
(Duo paragopoi seic qrei�zontai gia autì to upoer¸thma). Sthn parap�nw perÐptwsh antal-
l�xame to �peiro �jroisma kai thn paragontopoÐhsh. Autì sun jwc eÐnai polÔ dÔskolo na
isqÔei, all� se aut  thn perÐptwsh, k�tw apì sugkekrimènec upojèseic ìti to �jroisma eÐnai
gewmetrikì kai sugklÐnei, eÐnai alhjèc. (To parap�nw apotèlesma mporeÐ akìma na apodeiqjeÐ
kai me to je¸rhma Taylor.)

'Askhsh 4.

(a) H sun�rthsh pijanìthtac eÐnai:

pX(x) =





1
9 x = 2,
2
9 x = 3,
3
9 x = 4,
2
9 x = 5,
1
9 x = 6,
0 alli¸c.

H mèsh tim  thc eÐnai:

E[X] =
6∑

x=1

x · pX(x)

= 2 · 1
9

+ 3 · 2
9

+ 4 · 3
9

+ 5 · 2
9

+ 6 · 1
9

= 4.

H diaspor� thc eÐnai:

var[X] =
6∑

x=1

(x−E[X])2 · pX(x)

=
1
9
(2− 4)2 +

2
9
(3− 4)2 +

3
9
(4− 4)2 +

2
9
(5− 4)2 +

1
9
(6− 4)2

=
4
3
.
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(b) Z = X2

pZ(z) =





1
9 z = 4,
2
9 z = 9,
3
9 z = 16,
2
9 z = 25,
1
9 z = 36,
0 alli¸c.

Sq ma 1: H sun�rthsh pijanìthtac thc �skhshc 4.

'Askhsh 5.

(a) Prosjètoume ìlec tic timèc tou pÐnaka kai jètoume to �jroisma Ðso me 1.

20c = 1 → c =
1
20

.

(b) P (Y < X) = c + 6c + 4c = 11c = 11/20.

y = 3 c c 2c

y = 2 2c 0 4c

y = 1 3c c 6c

x = 1 x = 2 x = 3

(g) P (Y > X) = 2c + c + c = 4c = 1/5.

y = 3 c c 2c

y = 2 2c 0 4c

y = 1 3c c 6c

x = 1 x = 2 x = 3

(d) P (Y = X) = 1− P (Y < X)− P (Y > X) = 1− 11
20 − 1

5 = 1/4

(e) P (Y = 3) = c + c + 2c = 4c = 1/5.
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y = 3 c c 2c

y = 2 2c 0 4c

y = 1 3c c 6c

x = 1 x = 2 x = 3

(st)

pX(x) =





3/10, x = 1
1/10, x = 2
3/5, x = 3

pY (y) =





1/2, y = 1
3/10, y = 2
1/5, y = 3

(z)

E[X] =
3
10
· 1 +

1
10
· 2 +

3
5
· 3 = 2.3

E[Y ] =
1
2
· 1 +

3
10
· 2 +

1
5
· 3 = 1.7

(h)

E[X2] =
3
10
· 1 +

1
10
· 4 +

3
5
· 9 = 6.1

E[Y 2] =
1
2
· 1 +

3
10
· 4 +

1
5
· 9 = 3.5

var(X) = E[X2]− (E[X])2 = 6.1− 2.32 = 0.81
var(Y ) = E[Y 2]− (E[Y ])2 = 3.5− 1.72 = 0.61

'Askhsh 6. 'Estw ta ex c gegonìta: T : O Jwm�c kerdÐzei ton ag¸na, T c: H MarÐa kerdÐzei ton
ag¸na, M : H MarÐa kerdÐzei ton diagwnismì, M c: O Jwm�c kerdÐzei ton diagwnismì, A: H MarÐa
kerdÐzei ton deÔtero ag¸na. To dendrikì di�gramma pou perigr�fei ton diagwnismì metaxu twn dÔo
paikt¸n faÐnetai sto sq ma 2 kai oi pijanìthtec twn akolouji¸n faÐnontai ston parak�tw pÐnaka:

AkoloujÐa Apotèlesma Pijanìthta
TT M c 1/4

TT cT M c 1/12
TT cT c M 1/6
T cTT M c 1/18

(a)

P (M) =
1
6

+
1
9

=
1
3

=
11
18

P (M |A) =
P (M ∩A)

P (A)
=

1/6 + 1/3
1/12 + 1/6 + 1/3

=
6
7

(b)

P (N = 2|A) =
P (N = 2 ∩A)

P (A)
=

1/3
1/12 + 1/6 + 1/3

=
4
7

pN |A(n) =
{

4/7, n = 2
3/7, n = 3

E[N |A] =
4
7
· 2 +

3
7
· 3 =

17
7
≈ 2.43

E[N2|A] =
4
7
· 4 +

3
7
· 9 =

43
7

var(N |A) = E[N2|A]− (E[N |A])2 =
43
7
−

(
17
7

)2

=
12
49

σ(N |A) =
√

var(N |A) =

√
12
49

=
2
√

3
7
≈ 0.49
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Sq ma 2: To dendrikì di�gramma thc �skhshc 6.

(g) 'Estw S to pl joc twn nik¸n thc MarÐac se mia akoloujÐa n diagwnism¸n. H S eÐnai diwnumik 
tuqaÐa metablht  me paramètrouc p = 11/18 kai n = 180.

E[S] = np = 180 · 11
18

= 110

var(S) = np(1− p) = 180 · 11
18
· 7
18

=
385
9

R = 10S − 5(180− S) = 15S − 900
E[R] = E[15S − 900] = 15E[S]− 900 = 15 · 110− 900 = 750

var(R) = 152var(S) = 225 · 385
9

= 9625

σ(R) =
√

var(R) =
√

9625 ≈ 98.11

'Askhsh 7.

(a) H sun�rthsh pijanìthtac eÐnai mia diwnumik  me p = 1/4 kai n = 32, �ra

pK(k) =

{ (
32
k

) (
1
4

)k (
3
4

)32−k
, gia k = 0, 1, . . . , 32

0, alli¸c

(b)

E[K] = np = 32 · 1
4

= 8 autokÐnhta

var(K) = np(1− p) = 32 · 1
4
· 3
4

= 6 autokÐnhta2

(g) Pr¸ta upologÐzoume ìti E[M ] = 16 · 1
2 = 8 autokÐnhta. 'Ara:

E[Q1] = E[K · c1] = c1 ·E[K] = $640

E[Q2] = E[M · c2] = c2 ·E[M ] = $800

'Ara, h deÔterh strathgik  epifèrei megalÔtero kèrdoc ston K¸sta.
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(d)

pL(l) = P (O K¸stac poul�ei L autokÐnhta)
= P (O K¸stac poul�ei L autokÐnhta|Kor¸na) · P (Kor¸na)

+P (O K¸stac poul�ei L autokÐnhta|Gr�mmata) · P (Gr�mmata)

= pK(l) · 1
2

+ pM (l) · 1
2

'Eqoume ìti:

pL(l) =





1
2

(
32
l

) (
1
4

)l (3
4

)32−l + 1
2

(
16
l

) (
1
2

)l (1
2

)16−l
, gia l = 0, 1, . . . , 16

1
2

(
32
l

) (
1
4

)l (3
4

)32−l
, gia l = 17, 18, . . . , 32

0, alli¸c

'Ara:

E[L] = E[L|Kor¸na]·P (Kor¸na)+E[L|Gr�mmata]·P (Gr�mmata) = E[K]·1
2
+E[M ]·1

2
= 8 autokÐnhta.

(e)

P (Kor¸na|L = 4) =
P (L = 4 kai Kor¸na)

P (L = 4)

=
P (L = 4|Kor¸na) · P (Kor¸na)

P (L = 4)

=
1
2

(
32
4

) (
1
4

)4 (
3
4

)28

1
2

(
32
4

) (
1
4

)4 (
3
4

)28 + 1
2

(
16
4

) (
1
2

)4 (
1
2

)12

An o K¸stac poul sei 18 autokÐnta se mia hmèra, tìte èqoume:

P (Kor¸na|L = 18) = 1.

(st) Pr¸ta, upologÐzoume thn mèsh tim  tou C kai thn anamenìmenh tim  gia to C2:

E[C] = 90 · 1
2

+ 110 · 1
2

= 100$,

E[C2] = 8100 · 1
2

+ 12100 · 1
2

= 10100$2

Efìson h K kai C eÐnai anex�rthtec:

E[Q] = E[K · C] = E[K] ·E[C] = 800$
E[Q2] = E[K2 · C2] = E[K2] ·E[C2]

= (var(K) + (E[K])2) ·E[C2]
= (6 + 64) · 10100
= 707000$2.

var(Q) = E[Q2]− (E[Q])2

= 707000− 640000
= 67000$2

(z) 'Estw Y eÐnai to pl joc twn pelat¸n pou exuphrèthse mèqri kai thn pr¸th p¸lhsh. H Y eÐnai
mia gewmetrik  tuqaÐa metablhth me p = 1/4 kai:

pY (y) =
{ (

3
4

)y−1 (
1
4

)
, y = 1, 2, 3, . . .

0, alli¸c

E[Y ] =
1
p

= 4, var(Y ) =
1− p

p2
= 12.
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ParathroÔme ìti X = Y − 1, opìte èqoume:

pX(x) = P (X = x) = P (Y = x + 1) =
{ (

3
4

)y−1 (
1
4

)
, y = 1, 2, 3, . . .

0, alli¸c

E[X] = E[Y ]− 1 = 3, var(X) = var(Y ) = 12.


