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'Askhsh 1.

Ta shmeÐa tou deigmatoq¸rou thc strathgik c gia thn epilog  monopatioÔ apì ton kunhgì, pou
odhgoÔn se epituq c apotèlesma eÐnai ta akìlouja:

1. Kai ta dÔo skulÐa sumfwnoÔn sthn epilog  tou monopatioÔ kai eÐnai to swstì monop�ti.

2. Ta skuli� diafwnoÔn, to skulÐ 1 epilègei to swstì monop�ti kai o kunhgìc akoloujeÐ to
skulÐ 1.

3. Ta skuli� diafwnoÔn, to skulÐ 2 epilègei to swstì monop�ti kai o kunhgìc akoloujeÐ to
skulÐ 2.

Ta parap�nw gegonìta eÐnai xèna metaxÔ touc, opìte mporoÔme na prosjèsoume tic pijanìthtèc
touc gia na upologÐsoume thn pijanìthta me thn opoÐa o kunhgìc epilègei to swstì monop�ti:

p2 +
1
2
· p(1− p) +

1
2
· p(1− p) = p.

'Oso afor� thn strathgik  o kunhgìc na af sei èna skulÐ na epilèxei to monop�ti, h pijanìthta
na epilegeÐ to swstì monop�ti eÐnai p. Sunep¸c kai oi dÔo protinìmenec strathgikèc eÐnai
isodÔnamec.

'Askhsh 2.

Sq ma 1: H dendrik  anapar�stash gia thn �skhsh 2, er¸thma (a).

(a) H dendrik  anapar�stash faÐnetai sto sq ma 1. 'Estw A to gegonìc ìti h prìbleyh tou
deltÐou kairoÔ  tan �Broq �, B to gegonìc ìti èbrexe kai p h pijanìthta ìti h prìbleyh tou
deltÐou kairoÔ  tan �Broq �. An eÐnai qeim¸nac tìte p = 0.7 opìte:

P (A|B) =
P (B|A)P (A)

P (B)
=

0.8 · 0.7
0.8 · 0.7 + 0.1 · 0.3

=
56
59
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Sq ma 2: H dendrik  anapar�stash gia thn �skhsh 2, er¸thma (b).

Sq ma 3: H dendrik  anapar�stash gia thn �skhsh 2, er¸thma (g).
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OmoÐwc, an eÐnai kalokaÐri , p = 0.2 opìte:

P (A|B) =
P (B|A)P (A)

P (B)
=

0.8 · 0.2
0.8 · 0.2 + 0.1 · 0.8

=
2
3
.

(b) H dendrik  anapar�stash faÐnetai sto sq ma 2. 'Estw C to gegonìc ìti o K¸stac krat�ei
mazÐ tou omprèlla kai D to gegonìc ìti h prìbleyh tou deltÐou kairoÔ eÐnai �ìqi broq �.
'Eqoume tìte ìti :

P (D) = 1− p

P (C) = 0.8p + 0.2 · 0.5 = 0.8p + 0.1
P (C|D) = 0.8 · 0 + 0.2 · 0.5 = 0.1.

'Opìte P (C) = P (C|D) an kai mìno an p = 0. 'Omwc p mporeÐ na eÐnai mìno 0.7   0.2, to
opoÐo dhl¸nei ìti C kai D den mporeÐ na eÐnai anex�rthta kai autì to apotèlesma den
exart�tai apì thn epoq .

(g) Ac upologÐsoume pr¸ta thn pijanìthta broq c an o K¸stac den eÐde to deltÐo kairoÔ.

P (brèqei|den eÐde to deltÐo kairoÔ) = 0.8p + 0.1 · (1− p) = 0.1 + 0.7p.

MporoÔme loipìn na epekteÐnoume to dèndro apì to er¸thma (b) sto dendrikì di�gramma tou
sq matoc 3. Opìte dedomènou ìti o K¸stac den kratoÔse omprèlla kai den brèqei,
endiamerìmaste gia tic dÔo grammoskiasmènec peript¸seic :

P (eÐde to deltÐo kairoÔ|p re omprèlla kai den brèqei) =
0.8 · 0.2 · p

0.8 · 0.2 · p + 0.2 · 0.5 · (0.9− 0.7p)

To qeim¸na h pijanìthta na brèqei eÐnai p = 0.7, �ra h zhtoÔmenh pijanìthta eÐnai
P (eÐde to deltÐo kairoÔ|p re omprèlla kai den brèqei) = 112

153 , en¸ to kalokaÐri p = 0.2, �ra
h zhtoÔmenh pijanìthta eÐnai P (eÐde to deltÐo kairoÔ|p re omprèlla kai den brèqei) = 8

27 ,

'Askhsh 3.

(a) ParathroÔme ìti A ⊂ B, opìte P (A ∩B) = P (A). Autì eÐnai Ðso me P (A) · P (B) mìno ìtan
P (B) = 1   P (A) = 0. Sthn perÐptws  mac ìmwc eÐnai profanèc ìti P (B) < 1 kai
P (A) > 0. Sunep¸c P (A ∩B) 6= P (A) · P (B), �ra A kai B den eÐnai anex�rthta.

(b) Dedomènou tou C to A ja sumbeÐ an kai mìno an h MarÐa gnwrÐsei 5 �toma kat� thn deÔterh
ebdom�da. Opìte, P (A|C) = 1/5. An h MarÐa èkane 5 fÐlouc kat� thn pr¸th ebdom�da,
tìte sÐgoura ja k�nei p�nw apì 5 fÐlouc sunolik�, �ra P (B|C) = 1. An to A sumbaÐnei ìte
kai to B sumbaÐnei opìte P (A ∩B|C) = P (A|C) = P (A|C) · P (B|C). 'Ara ta gegonìta A
kai B eÐnai anex�rthta dedomènou tou gegonìtoc C. Na parathr soume ìti ta A kai B den
eÐnai anex�rthta qwrÐc thn sunj kh.

(g) GnwrÐzoume ìti P (A|C) = P (A∩C)
P (C) exìrismoÔ, kai h anexarthsÐa twn gegonìtwn upodhl¸nei

ìti P (A|C) = P (A)·P (C)
P (C) = P (A). 'Ara P (A|C) = P (A) eÐnai ikan  kai anagkaÐa sunj kh

gia na elènxoume thn anexarthsÐa, efìson P (C) > 0. Apì to er¸thma (b) upologÐsame ìti
P (A|C) = 1/5, en¸ P (A) = 1

5 · 1
5 . Opìte A kai C den eÐnai anex�rthta. Epiplèon

upologÐsame ìti P (B|C) = 1, all� eÐnai profanèc ìti P (B) < 1, �ra kai ta B kai C den
eÐnai anex�rthta.

(d) 'Estw Fi me i = 1, . . . , 5 eÐnai to gegonìc ìti kat� thn pr¸th ebdom�da h MarÐa èkane i
fÐlouc. OmoÐwc Si eÐnai to gegonìc ìti kat� thn deÔterh ebdom�da h MarÐa èkane i fÐlouc.
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Tèloc èstw Tj me j = 2, . . . , 10 to gegonìc ìti o sunolikìc arijmìc twn fÐlwn pou èkane h
MarÐa mèsa stic dÔo bdom�dec eÐnai j.

P (2 fÐlouc thn 1h bdomada| 6 fÐlouc sto sÔnolo) = P (F2|T6)

=
P (T6|F2) · P (F2)

P (T6)

=
P (S4) · P (F2)∑5

i=1 P (Fi ∩ S(6−i))

=
1
5 · 1

5

5 · 1
5 · 1

5

ìpou h deÔterh isìthta pro lje me qr sh tou kanìna tou Bayes, h trÐth isìthta apì to
olikì je¸rhma Pijanot twn, en¸ h tètarth isìthta apì to gegonìc ìti o pl joc twn fÐlwn
pou k�nei h MarÐa k�je bdom�da eÐnai anex�rthta metaxÔ touc. OmoÐwc, P (F3|T6) = 1/5.

(e)

P (F2 ∪ S2|T6) = P (F2|T6) + P (S2|T6)− P (F2 ∩ S2|T6) =
1
5

+
1
5
− 0 =

2
5

ìpou gia pr¸th isìthta qrhsimopoi same to gegonìc ìti pijanìthtec upì sunj kh
ikanopoioÔn ìla ta axi¸mata twn pijanot twn, P (F2|T6) èqei brejeÐ parap�nw ìti eÐnai 1/5,
kai efìson oi bdom�dec katanèmontai omoiìmorfa P (S2|T6) eÐnai 1/5 .

P (F3 ∪ S3|T6) = P (F3|T6) + P (S3|T6)− P (F3 ∩ S3|T6)

=
1
5

+
1
5
− P (S3|F3 ∩ T6) · P (F3|T6)

=
1
5

+
1
5
− 1 · 1

5
=

1
5
.

Parathr ste ìti to apotèlesma bg�zei nìhma, efìson up�rqei mìno ènac trìpoc na
sunant sei 6 �toma, èqwntac sunant sei 3 �toma se toul�qiston mia ebdom�da, en¸
up�rqoun 2 trìpoi na gnwrÐseic 6 �toma èqwntac gnwrÐsei 2 se toul�qiston mia ebdom�da. H
parap�nw pijanìthta eÐnai to misì thc pijanìthtac tou pr¸tou gegonìtoc pou  tan 2/5.

'Askhsh 4.

'Estw A to gegonìc ìti qrei�zetai na gÐnei deÔteroc gÔroc, B to gegonìc ìti o K¸stac eÐnai
nikht c tou pr¸tou gÔrou, Estw C to gegonìc ìti o Ant¸nhc eÐnai prwtajlht c xan�, D to
gegonìc ìti h MarÐa eÐnai nik tria tou pr¸tou gÔrou kai E to gegonìc na ègine mìno ènac ag¸nac
sto deÔtero gÔro. Tìte oi zhtoÔmenec pijanìthtec eÐnai:

(a) (i) P (A) = 0.62 + 0.42 = 0.52.
(ii) P (B) = 0.62 = 0.36.
(iii) P (C) = 1− P (B)− P (D) = 1− 0.62 · 0.52 − 0.42 · 0.32 = 0.8956.

(b) (i) P (B|A) = 0.62

0.52 = 0.36
0.52 = 0.6923.

(ii)

P (C|A) = P (C|B,A) · P (B|A) + P (C|D,A) · P (D|A)
= (1− 0.52) · 0.6923 + (1− 0.32) · 0.3077
= 0.7992

(g)

P (B|A ∩ E) = =
0.62 · 0.52

0.62 · 0.5 + 0.42 · 0.7

=
0.62 · 0.5
0.2920

= 0.6164
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'Askhsh 5.

Pr¸th prosèggish: An�jese ton K¸sta se èna tm ma. Dedomènou thn jèsh tou K¸sta,
èstw K, h pijanìthta h MarÐa na brÐsketai sto Ðdio tm ma eÐnai 29

89 .

DeÔterh prosèggish: Up�rqoun tria diaforetik� tm mata sta opoÐa mporoÔn o K¸stac kai
h MarÐa na brÐskontai mazÐ. Krat¸ntac ton K¸sta kai thn MarÐa mazÐ sto tm ma 1,
up�rqoun

(
88
28

)
diaforetikoÐ trìpoi gia na sumplhr¸seic to tm ma 1 (efìson up�rqoun 88

majhtèc pou den èqoun topojethjeÐ kai mon�qa 28 jèseic kenèc sto tm ma 1). To tm ma 2
katìpin mporeÐ na sumplhrwjeÐ me

(
60
30

)
trìpouc, en¸ to tm ma 3 me

(
30
30

)
diaforetikoÔc

trìpouc. Opìte èqoume
(

88
28

)(
60
30

)(
30
30

)
trìpouc na krat soume ton K¸sta me thn MarÐa

mazÐ sto tm ma 1.

MporoÔn akìma na brÐskontai mazÐ sto tm ma 2   sto tm ma 3. Opìte ìloi oi dunatoÐ
sunduasmoÐ ìpou mporoÔn na eÐnai mazÐ eÐnai: 3

(
88
28

)(
60
30

)(
30
30

)
. To sunolikì pl joc trìpwn

na qwriseic ton K¸sta kai thn MarÐa (qwrÐc na tou krat seic mazÐ ) eÐnai :
(

90
30

)(
60
30

)(
30
30

)
.

Opìte h epijumht  pijanìthta eÐnai:
3
(

88
28

)(
60
30

)(
30
30

)
(

90
30

)(
60
30

)(
30
30

) = 3·30·29
90·89 = 29

89 .

'Askhsh 6.

(a) (i) To gegonìc ìti to A z�ri kerdÐzei to B z�ri sumbaÐnei mìno ìtan to z�ri A fèrei 4. Autì
sumbaÐnei me pijanìtata 4/6 = 2/3.

(ii) To gegonìc ìti to B z�ri kerdÐzei to G z�ri sumbaÐnei mìno ìtan to z�ri G fèrei 2.
Autì sumbaÐnei me pijanìtata 4/6 = 2/3.

(iii) To gegonìc ìti to G z�ri kerdÐzei to D z�ri sumbaÐnei eÐte ìtan to G z�ri fèrei 6, to
opoÐo sumbaÐnei me pijanìtata 2/6,   ìtan fèrei 2 kai to D z�ri fèrei 1. Opìte h
epijumht  pijanìthta eÐnai: 2/6 + (4/6) · (1/2) = 2/3.

(iv) To gegonìc to z�ri D na kerdÐsei to z�ri A sumbaÐnei ìtan eÐte to D fèrei 5, to opoÐo
sumbaÐnei me pijanìthta 1/2,   ìtan fèrei 2 kai to D z�ri fèrei 1. Opìte h epijumht 
pijanìthta eÐnai 1/2 + (1/2) · (4/6) = 2/3.

(b) To apotèlesma moÐazei afÔsiko me thn pr¸th mati�. K�je ènac mporeÐ na skefteÐ to ex c:
e�n to A z�ri eÐnai pio pijanì na nik sei to B z�ri (par� to antÐjeto), kai to B na nik sei to
G, kai oÔto kajèxhc ewc to D, tìte to A eÐnai pio pijanì na nik sei kai to D, par� na
sumbeÐ to antÐjeto. Parìlo autì den eÐnai swstìc trìpoc skèyhc, exaitÐac thc perÐerghc
kataskeu c twn gegonìtwn kai ta parap�nw apotelèsmata eÐnai swst�.

(g) Epèlexe to z�ri pou eÐnai èna b ma qamhlìtera apì to  dh epilegmèno z�ri. Autì shmaÐnei ìti
epèlexe to z�ri A, an o pr¸toc paÐkthc epilèxei to z�ri B. AntÐstoiqa epèlexe to z�ri B, G
kai D gia tic peript¸seic pou to  dh epilegmèno z�ri eÐnai to G, D kai A antÐstoiqa.


