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Jèma 1

(a) 1− P (A ∪Bc) = P (B)− P (A ∩B), afoÔ
1− P (A ∪Bc) = P ((A ∪Bc)c) = P (Ac ∩B) [De Morgan]
= P (B)− P (A ∩B) [diafor� gegonìtwn]

(b) P (A|B) ≤ P (B|A)
P (B) , afoÔ

P (A|B) = P (A∩B)
P (B) = P (B|A)·P (A)

P (B) ≤ P (B|A)
P (B) [kaj¸c P (A) ≤ 1]

(g) P (A ∪B) = P (A) + P (B) · P (Ac) (A, B anex�rthta), afoÔ

P (A ∪B) = P (A) + P (B)− P (A ∩B)
= P (A) + P (B)− P (A) · P (B) [A,B: anex�rthta]
= P (A) + P (B) · (1− P (A))
= P (A) + P (B) · P (Ac)

(d) pX(x) ≤ 1, kaj¸c oi timèc thc sun�rthshc pijanìthtac eÐnai ≤ 1 wc pijanìthtec gegonìtwn,
P (X = x).

(e) E[X2] ≥ (E[X])2, kaj¸c
0 ≤ var(X) = E[X2]− (E[X])2

Jèma 2

(a) H pijanìthta, P1, ìti o paÐkthc #2 kerdÐzei thn pr¸th for� pou rÐqnei to z�ri, isoÔtai me
thn pijanìthta tou gegonìtoc ìti o paÐkthc #1 den èfere 6 KAI o paÐkthc #2 èfere 6:

P1 =
5
6
· 1
6

= 0.14

(b) H pijanìthta, P2, ìti o paÐkthc #2 kerdÐzei th deÔterh for� pou rÐqnei to z�ri isoÔtai me
thn pijanìthta tou gegonìtoc ìti oi pr¸tec 7 rÐyeic tou zarioÔ (apì touc paÐktec #1 èwc
#6 kai apì ton #1 th deÔterh for�) den èferan 6 KAI o paÐkthc #2 èfere 6 th deÔterh
for�:

P2 =
(5

6

)7
· 1
6

= 0.0465

(g) Me an�logo sullogismì, an Pn eÐnai h pijanìthta ìti o paÐkthc #2 kerdÐzei thn n-ost  for�
pou rÐqnei to z�ri, tìte:

Pn =
(5

6

)6(n−1)+1
· 1
6
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(d) Profan¸c, h pijanìthta P ìti o paÐkthc #2 kerdÐzei se k�poia rÐyh ja eÐnai:

P =
+∞∑

n=1

Pn =
+∞∑

n=1

(5
6

)6(n−1)+1
· 1
6

=
5
6
· 1
6

+∞∑

n=1

[(5
6

)6]n

=
5
6
· 1
6
· 1
1− (5/6)6

= 0.21

Jèma 3

'Estw X to pl joc twn kefal¸n se 4 rÐyeic tou kèrmatoc. Profan¸c, X eÐnai Diwnumik  t.m. me
paramètrouc n = 4 kai p = 0.4. H sun�rthsh pijanìthtac (c.p.) thc X eÐnai:

pX(k) =
(

4
k

)
(0.4)k(0.6)n−k, k = 0, 1, 2, 3, 4

SÔmfwna me th strathgik  (i) to kèrdoc tou NÐkou eÐnai X.
SÔmfwna me th strathgik  (ii) to kèrdoc tou NÐkou eÐnai Y = X2 − 1.5X.

(a) 'Eqoume ìti:
E[X] = np = 4 · 0.4 = 1.6

EpÐshc, var(X) = np(1− p) = 4 · 0.4 · 0.6 = 0.96, opìte

E[X2] = var(X) +
(
E[X]

)2
= np(1− p) + (np)2

= 0.96 + 1.62 = 3.52

Epomènwc,

E[Y ] = E[X2 − 1.5X] = E[X2]− 1.5E[X]
= 3.52− 1.5 · 1.6
⇒ E[Y ] = 1.12 < 1.6 = E[X]

kai sunep¸c, h strathgik  (i) eÐnai pio sumfèrousa.

(b) Sth genik  perÐptwsh isqÔei ìti:

E[X] > E[Y ] ⇒
np > np(1− p) + (np)2 − 1.5np ⇒

n(1− n)p2 + 1.5np > 0 ⇒
(1− n)p2 + 1.5p > 0 ⇒

−3p2 +
3
2
p > 0 ⇒

p(p− 1
2
) < 0 ⇒

0 < p <
1
2
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Jèma 4

(a)

pX(x) =
3∑

y=1

pX,Y (x, y), x = 1, 2, 3

Apì ton pÐnaka tim¸n thc pX,Y (x, y) prokÔptei eÔkola ìti:

pX(x) =





4/9, x = 1
3/9, x = 2
2/9, x = 3
0, alloÔ

EÔkola prokÔptei ìti:

E[X] =
3∑

x=1

xpX(x) = 1 · 4
9

+ 2 · 3
9

+ 3 · 2
9

=
16
9

(b) OmoÐwc,

pY (y) =
3∑

x=1

pX,Y (x, y), y = 1, 2, 3

Apì ton pÐnaka tim¸n thc pX,Y (x, y) prokÔptei eÔkola ìti:

pY (y) =





2/9, y = 1
3/9, y = 2
4/9, y = 3
0, alloÔ

EÔkola prokÔptei ìti:

E[Y ] =
3∑

y=1

ypY (y) = 1 · 2
9

+ 2 · 3
9

+ 3 · 4
9

=
20
9

(g) 'Eqoume ìti:

PY |A(y) =
P (Y = y, A)

P (A)

ìpou,

P (A) = P (X ≤ 2) =
2∑

i=1

pX(x)

= pX(1) + pX(2)

=
4
9

+
3
9

=
7
9

EpÐshc, isqÔei ìti:

• {Y = 1} ∩ {X ≤ 2} =
{

(1, 1), (2, 1)
}
. 'Ara,

P (Y = 1, A) = pX,Y (1, 1) + pX,Y (2, 1) = 1
9 + 0 = 1

9

• {Y = 2} ∩ {X ≤ 2} =
{

(1, 2), (2, 2)
}
. 'Ara,

P (Y = 2, A) = pX,Y (1, 2) + pX,Y (2, 2) = 2
9 + 1

9 = 3
9
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• {Y = 3} ∩ {X ≤ 2} =
{

(1, 3), (2, 3)
}
. 'Ara,

P (Y = 3, A) = pX,Y (1, 3) + pX,Y (2, 3) = 1
9 + 2

9 = 3
9

'Ara, ja eÐnai:

pY |A(y) =





1/7, y = 1
3/7, y = 2
3/7, y = 3
0, alloÔ

EpÐshc, isqÔei ìti:

E[Y |A] =
3∑

y=1

y pY |A(y) = 1 · 1
7

+ 2 · 3
7

+ 3 · 3
7

=
16
7

E[Y 2|A] =
3∑

y=1

y2 pY |A(y) = 12 · 1
7

+ 22 · 3
7

+ 32 · 3
7

=
40
7

var(Y |A) = E[Y 2|A]−
(
E[Y |A]

)2
=

40
7
−

(16
7

)2
=

24
49

= 0.49

(d) 'Eqoume ìti:

E[Z] = E[3X + 2Y + 7] = 3E[X] + 2E[Y ] + 7

= 3 · 16
9

+ 2 · 20
9

+ 7

=
151
9

= 16.78

(e) Kaj¸c oi X̃ kai Ỹ eÐnai anex�rthtec metaxÔ touc, ja eÐnai:

pX̃,Ỹ (x, y) = pX̃ · pỸ (y), x, y = 1, 2, 3.

ìpou oi pX̃(x) kai pỸ (y) akoloujoÔn tic ekfr�seic sta (a) kai (b). Oi timèc thc pX̃,Ỹ (x, y)
faÐnontai ston akìloujo pÐnaka:

Ỹ =1 Ỹ =2 Ỹ =3
X̃=1 8/81 12/81 16/81
X̃=2 6/81 9/81 12/81
X̃=3 4/81 6/81 8/81


