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Jèma 1

(ai) H grafik  par�stash thc sun�rthshc puknìthtac pijanìthtac faÐnetai sto sq ma 1
kai h stajer� c èqei tim :

∫ ∞

−∞
f(x)dx = 1 ⇒

∫ 4

0

cexdx = 1 ⇒ cex|40 = 1 ⇒ c(e4 − 1) = 1 ⇒ c =
1

e4 − 1

c

ce^4

fx(x)

x
4

Sq ma 1: H grafik  par�stash thc sun�rthshc puknìthtac pijanìthtac tou 1o jèmatoc,
er¸thma (ai).

(aii)

P (X > 3|2 ≤ X ≤ 6) =
P (X > 3 ∩ 2 ≤ X ≤ 6)

P (2 ≤ X ≤ 6)
=

P (3 < X ≤ 4)

P (2 ≤ X ≤ 4)

=

∫ 4

3
cexdx∫ 4

2
cexdx

=
e4 − e3

e4 − e2
=

e2 − e

e2 − 1
=

e(e− 1)

(e + 1)(e− 1)
=

e

e + 1

(aiii)

P (2 ≤ X ≤ 6|X > 3) =
P (2 ≤ X ≤ 6 ∩X > 3)

P (X > 3)
=

P (3 < X ≤ 4)

P (3 < X ≤ 4)
= 1

(bi) H grafik  par�stash tou pedÐou tim¸n kai thc apì koinoÔ sun�rthsh puknìthtac
pijanìthtac twn t.m. X kai Y faÐnetai sto sq ma 2.

(bii) H grafik  par�stash thc perijwriak c sun�rthshc puknìthtac pijanìthtac thc t.m.
X faÐnetai sto sq ma 3. Epiplèon èqoume

fX =

∫ ∞

−∞
fX,Y (x, y)dy
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Sq ma 2: H grafik  par�stash tou pedÐou tim¸n kai thc apì koinoÔ sun�rthsh puknìthtac
pijanìthtac twn t.m. X kai Y tou jèmatoc 1, er¸thma (bi).

Gia 0 ≤ x ≤ 1 èqoume:

fX(x) =

∫ 1−x

0

2

3
dy +

∫ 1

1−x

4

3
dy

=
2

3
y|1−x

0 +
4

3
y|11−x

=
2

3
(1− x) +

4

3
(1− 1 + x)

'Ara

fX(x) =

{
2(1+x)

3
, 0 ≤ x ≤ 1

0 , alloÔ

(biii) 'Eqoume ìti:

fY/X

(
y|2

3

)
=

fX,Y (2
3
, y)

fX(2
3
)

kai
fX(2/3) =

2(1 + 2/3)

3
=

10

9

Opìte èqoume ìti:

fY/X

(
y|2

3

)
=





2/3
10/9

, 0 ≤ y ≤ 1
3

4/3
10/9

, 1
3
≤ y ≤ 1

0 , alloÔ
=





0.6 , 0 ≤ y ≤ 1
3

1.2 , 1
3
≤ y ≤ 1

0 , alloÔ

kai h grafik  par�stash thc desmeumènhc sun�rthshc puknìthtac pijanìthtac thc
t.m. Y dedomènou tou gegonìtoc X = 2/3 faÐnetai sto sq ma 4.
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Sq ma 3: H grafik  par�stash thc perijwriak c sun�rthshc puknìthtac pijanìthtac thc
t.m. X tou jèmatoc 1, er¸thma (bii).

x
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fy/x(y|2/3)

1/3
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Sq ma 4: H grafik  par�stash desmeumènhc sun�rthshc puknìthtac pijanìthtac thc t.m.
Y dedomènou tou gegonìtoc X = 2/3 gia to jèma 1, upoer¸thma (biii).



P.TsakalÐdhc/LÔseic Telik c Exètashc - JewrÐa Pijanot twn 4

x
0 1

1 A

B

C

4/3

2/3

Sq ma 5: Sq ma jèmatoc 1, upoer¸thma (biv).

(biv) Gia na upologÐsoume thn pijanìta P (X2 + Y 2 ≤ 1) arkeÐ na doÔme o sq ma 5,
opìte:

P (X2 + Y 2 ≤ 1) = embadìn trig¸nou OAB · 2

3
+ embadìn tomèa ABG · 4

3

=
1

2
· 2

3
+

(
π

4
− 1

2

)
· 4

3

=
π − 1

3

Jèma 2

(a) H t.m. Z = X + 2Y eÐnai kanonik  wc grammikìc sunduasmìc kanonik¸n t.m. EpÐshc
E[Z] = E[X] + 2E[Y ] = 0 kai

σ2
Z = var(X + 2Y ) = var(X) + var(2Y ) + 2cov(X, 2Y )

= σ2
X + 4σ2

Y + 4cov(X, Y )

= 5 + 4 · 2 + 4(−1) = 9

'Ara Z ∼ N(0, 9)

(b)

P (X + 2Y ≥ 1) = 1− P (Z ≤ 1) = 1− P

(
Z − 0

3
≤ 1− 0

3

)

= 1− Φ(
1

3
)

Jèma 3
Kat' arq�c, ìpwc faÐnetai sto sq ma, h t.m. Y paÐrnei timèc sto di�sthma [0, 2r] (kaj¸c
h jèsh tou X metatopÐzetai apì to r sto 0). Epomènwc, gia thn ajroistik  sun�rthsh
katanom c isqÔei ìti FY (y) = 0 gia y < 0 kai FY (y) = 1 gia y > 2r. Gia 0 ≤ y ≤ 2r isqÔei
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ìti x2 +
(

y
2

)2
= r2. Epomènwc:

FY (y) = P (Y ≤ y) = P (2
√

r2 − x2 ≤ y) = p(x2 ≥ r2 − y2

4
)

= P

(
X ≥

√
r2 − y2

4

)
=

∫ r

q
r2− y2

4

1

r
dx

=
r −

√
r2 − y2

4

r

'Ara:

FY (y) =





0 , y < 0
r−
√

r2−y2/4

r
, 0 ≤ y ≤ 2r

1 , y ≥ 2r

kai

fY (y) =
d

dy
FY (y) =

{
y

2r
√

4r2−y2
, 0 ≤ y ≤ 2r

0 , alloÔ

Jèma 4

(a) H Z paÐrnei mh arnhtikèc timèc, z ≥ 0, kai sunep¸c FZ(z) = 0, z < 0. Gia z ≥ 0
èqoume:

FZ(z) = P (Z ≤ z) = P (min(X1, X2) ≤ z)

= 1− P (min(X1, X2) > z)

= 1− P (X1 > z ∩X2 > z)

= 1− P (X1 > z)P (x2 > z)

= 1− e−λ1z · e−λ2z

= 1− e−(λ1+λ2)z

H sun�rthsh puknìthtac pijanìthtac eÐnai:

fZ(z) =

{
(λ1 + λ2)e

−(λ1+λ2)z , z ≥ 0
0 , 0

(b) H R = X1

X2
paÐrnei mh arnhtikèc timèc. 'Ara FR(r) = 0 gia r < 0. Gia r ≥ 0 èqoume:

FR(r) = P (R ≤ r) = P (
X1

X2

≤ r) = P (X1 ≤ rX2)

=

∫ ∫

{u≤rv}
fx1x2(u, v)dudv

=

∫ +∞

0

∫ rv

0

λ1e
−λ1uλ2e

−λ2vdudv

=

∫ +∞

0

(−e−λ1u|rv
0

)
λ2e

−λ2vdv

=

∫ +∞

0

(
1− e−λ1rv

)
λ2e

−λ2vdv

= 1− λ2

rλ1 + λ2
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Sunep¸c:

fR(r) =
d

dr
FR(r) =

{ λ1λ2

(λ1r+λ2)2
, r ≥ 0

0 , alloÔ


