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Jèma 1

(ai) Prèpei
∫ +∞

−∞
f(x)dx = 1 ⇒

∫ 1

0
a(1− x)dx = 1 ⇒

(
ax− a

2
x2

)
|10 = 1 ⇒ a− a

2
= 1 ⇒ a = 2

Enallaktik�, prèpei h epif�neia tou trig¸nou me b�sh 1 kai Ôyoc a na eÐnai Ðsh me 1
1
2 · a · 1 = 1 ⇒ a = 2. H grafik  par�stash thc spp thc X faÐnetai sto sq ma 2.
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Sq ma 1: H grafik  par�stash thc spp gia to jèma 1, upoer¸thma (ai).
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36

(aiii)

FX(x) = 0 gia x < 0

FX(x) =
∫ x

0
2(1− t)dt = 2t− t2

∣∣x
0 = 2x− x2 gia 0 ≤ x ≤ 1

FX(x) = 1 gia x > 1

Telik�:

FX(x) =





0 , x < 0
2x− x2 , 0 ≤ x ≤ 1

1 , x > 1
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Sq ma 2: H grafik  par�stash thc spp gia to jèma 1, upoer¸thma (aii).

Sq ma 3: H grafik  par�stash thc spp gia to jèma 1, upoer¸thma (bi).

(bi) H grafik  par�stash tou pedÐou tim¸n kai thc apo koinoÔ spp thc X kai Y faÐnetai sto
sq ma 3.

(bii)

fX(x) = 0 gia x < 0   x > 1

fX(x) =
∫ +∞

−∞
fx,y(x, y)dy

=
∫ 1−x

0

1
2
dy +

∫ 1

1−x

3
2
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=
1
2
y|1−x

0 +
3
2
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=
1
2
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3
2
(1− 1 + x) =

1
2

+ x gia 0 ≤ x ≤ 1

'Ara

fX(x) =
{

1/2 + x , 0 ≤ x ≤ 1
0 alloÔ

OmoÐwc lìgw summetrÐac:

fY (y) =
{

1/2 + y , 0 ≤ y ≤ 1
0 alloÔ

Profan¸c fX,Y (x, y) 6= fX(x) · fY (y) kai oi X, Y den eÐnai anex�rthtec.

(biii)

P (X + Y ≤ 1.5) = 1− P (X + Y ≥ 1.5)

= 1− embadìn trig¸nou ABG · 3
2

= 1−
(

1
2
· 0.5 · 0.5

)
3
2

=
13
16
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Sq ma 4: H grafik  par�stash thc spp gia to jèma 1, upoer¸thma (biii).

Sq ma 5: H grafik  par�stash thc spp gia to jèma 1, upoer¸thma (biv).

(biv)

P (X2 + Y 2 ≥ 1) = embadìn tomèa DEZ · 3
2

= 1− embadìn ODZ · 3
2

=
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4

) 3
2

=
3
2
− 3π
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Jèma 2

(ai)

P (X < 0) = P

(
X − (−10)

2
<

0− (−10)
2

)
= Φ(5)

(aii)

P (−10 < X < 5) = P

(−10− (−10)
2

<
X − (−10)

2
<

5− (−10)
2

)

= Φ(7.5)− Φ(0)

= Φ(7.5)− 1
2

(aiii)

P (|X| ≥ 5) = P (X ≥ 5) + P (X ≤ −5)
= 1− P (X ≤ 5) + P (X ≤ −5)

= 1− P

(
X − (−10)

2
≤ 5− (−10)

2

)
+ P
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X − (−10)

2
≤ −5− (−10)

2

)

= 1− Φ(7.5) + Φ(2.5)
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(aiv)

P
(
X2 − 3X + 2 > 0

)
= P ((X − 1)(X − 2) > 0)
= P (X > 1 ∩X > 2) + P (X < 1 ∩X < 2)
= P (X > 2) + P (X < 1)
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(b) Zht�me thn pijanìthta:

P (|W − 0.9| > 0.005) = P (W > 0.905) + P (W < 0.895)

= 1− P
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0.003

)
+ P

(
W − 0.9
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<
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0.003

)
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5
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5
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1− Φ
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5
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' 0.095 = 9.5

Jèma 3

'Eqoume ìti :

var(2X + 3Y + 4) = var(3X − 2Y + 1)
⇒ var(2X + 3Y ) = var(3X − 2Y )
⇒ var(2X) + var(3Y ) + 2cov(2X, 3Y ) = var(3X) + var(2Y )− 2cov(3X, 2Y )
⇒ 4σ2 + 9σ2 + 12cov(X,Y ) = 9σ2 + 4σ2 − 12cov(X, Y )
⇒ cov(X,Y ) = 0

(i) Apì thn parap�nw sqèsh èqoume ìti X kai Y eÐnai asusqètistec, �ra h prìtash eÐnai alhj c.

(ii) YeudeÐc gia genik  katanom  twn X, Y .

(iii)

var(2X + 3Y + 4) = 4σ2 + 9σ2 + 0 = 13σ2

var(3X − 2Y + 1) = 9σ2 + 4σ2 + 0 = 13σ2

'Ara h prìtash eÐnai alhj c.

(iv)

cov(X + Y, X −Y ) = cov(X, X)− cov(X, Y ) + cov(Y, X)− cov(Y, Y ) = σ2− 0 + 0− σ2 = 0

'Ara h prìtash eÐnai alhj c.

Jèma 4

(ai) Apì thn ekf¸nhsh èqoume ìti:

fX,Y (x, y) =
{

1
4 , |x| ≤ 1 kai |y| ≤ 1
0 , alloÔ

Parathr¸ntac to sq ma 6:
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Sq ma 6: To sq ma tou jèmatoc 4.

• Z = 2 an kai mìno an to (X, Y ) an kei se èna apì ta 4 gwniak� tetr�gwna pleur�c r.

P (Z = 2) = 4r2 1
4

= r2

• Z = 1 an kai mìno an to (X, Y ) an kei se èna apì ta 4 parallhlìgramma me pleurèc
m kouc r kai 2(1− r)

P (Z = 1) = 4r2(1− r)
1
4

= 2r(1− r)

• Z = 0 an kai mìno an to (X, Y ) an kei sto kentrikì tetr�gwno me m koc pleur�c
2(1− r)

P (Z = 0) = (2(1− r))2
1
4

= (1− r)2

Telik� èqoume ìti:

pZ(z) =





(1− r)2 z = 0
2r(1− r) z = 1

r2 z = 2
⇒ pZ(z) =

(
2
z

)
rz(1− r)2−z, z = 0, 1, 2

'Ara eÐnai diwnumikh me paramètrouc n = 2 kai p = r

(aii)

E(Z) = np = 2r =
3
2
⇒ r =

3
4

(bi) Efìson h t.m. X eÐnai ekjetik� katanemhnènh me par�metro λ èqoume ìti

fX(x) = λe−λx, x ≥ 0

H X paÐrnei mh arnhtikèc timèc kai epomènwc se aut  thn perÐptwsh o metasqhmatismìc
Y = |X| eÐnai apl� Y = X.'Ara h Y eÐnai ekjetik  ìpwc h X:

fY (y) =
{

λe−λy , y ≥ 0
0 , alloÔ

(bii) • Gia y ≤ 0, FY (y) = P (Y ≤ y) = 0

• Gia y > 2, FY (y) = 1

• Gia 0 ≤ y ≤ 1, FY (y) = P (Y ≤ y) = P (−y ≤ X ≤ y) =
∫ y
−y

1
3dx = 2

3y
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Sq ma 7: Sq mata gia to 4o jèma, er¸thma bii

• Gia 1 ≤ y ≤ 2, FY (y) = P (−1 ≤ X ≤ y) =
∫ y
−1

1
3dx = 1

3(y + 1)

'Ara :

FY (y) =





0 y ≤ 0
2
3y 0 ≤ y ≤ 1

1
3(y + 1) 1 ≤ y ≤ 2

1 y ≤ 2

⇒ fY (y) =
{

2
3 0 < y ≤ 1
1
3 1 < y ≤ 2


