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'Askhsh 1.
(a) H Xn eÐnai mia tmhmatik� omoiìmorfh suneq c tuqaÐa metablht  me pedÐo tim¸n [0, 1/n)∪ [2, 2+
1/n). H Sun�rthsh Ajroistik c Katanom c (CDF) thc Xn orÐzetai wc ex c:

FXn(xn) = P (Xn ≤ xn)

=





0, xn ≤ 0
0.7nxn, 0 ≤ xn ≤ 1/n
0.7, 1/n ≤ xn ≤ 2
0.7 + 0.3n(xn − 2), 2 ≤ xn ≤ 2 + 1/n
1, 2 + 1/n ≤ xn

Gia n = 1, oi grafikèc parast�seic thc Sun�rthshc Puknìthtac Pijanìthtac (PDF) kai thc CDF
gia th X1 faÐnontai sto Sq. 1.
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Sq ma 1:

Gia n = 5, oi grafikèc parast�seic thc PDF kai thc CDF gia th X5 faÐnontai sto Sq. 2.
Gia n = 10, oi grafikèc parast�seic thc PDF kai thc CDF gia th X10 faÐnontai sto Sq. 3.
(b) H CDF thc Y orÐzetai wc ex c:

FY (y) = P (Y ≤ y)

=





0, y < 0
0.7, 0 ≤ y < 2
1, y ≥ 2

H Sun�rthsh M�zac Pijanìthtac PMF kai h CDF thc Y faÐnontai sto Sq. 4.
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Sq ma 2:
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Sq ma 3:
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'Askhsh 2.
(a) 'Ena sf�lma sumbaÐnei stic akìloujec peript¸seic:

• An to sÔsthma sumperaÐnei ìti est�lh 0   1, ìtan sthn pragmatikìthta est�lh to -1.

• An to sÔsthma sumperaÐnei ìti est�lh -1   1, ìtan sthn pragmatikìthta est�lh to 0.

• An to sÔsthma sumperaÐnei ìti est�lh -1   0, ìtan sthn pragmatikìthta est�lh to 1.

Epomènwc, h pijanìthta sf�lmatoc, P (e), dÐnetai apì th sqèsh:

P (e) = P (X = −1)P (Y ≥ −1
2
|X = −1) + P (X = 0)P (Y < −1

2
  Y >

1
2
|X = 0)

+ P (X = 1)P (Y ≤ 1
2
|X = 1)

=
1
3
P (N ≥ 1

2
) +

1
3
P (N < −1

2
  N >

1
2
) +

1
3
P (N ≤ −1

2
)

lìgw thc summetrÐac thc Kanonik c katanom c

P (N ≥ 1
2
) = P (N ≤ −1

2
)

Kaj¸c h N eÐnai mia Gaussian tuqaÐa metablht , mporoÔme na upologÐsoume thn P (N ≥ n) qrhsi-
mopoi¸ntac th sun�rthsh Φ,

P (N ≥ n) =
(
1− Φ

(n− µ

σ

))

Epomènwc,

P (e) =
4
3
P (N ≥ 1

2
)

=
4
3

(
1− Φ

(1
2

1
2

))

= 0.535

(b) OmoÐwc,

P (e) = P (X = −2)P (Y ≥ −1|X = −2) + P (X = 0)P (Y < −1   Y > 1|X = 0)
+ P (X = 2)P (Y ≤ 1|X = 2)

=
1
3
P (N ≥ 1) +

1
3
P (N < −1   N > 1) +

1
3
P (N ≤ −1)

Epomènwc,

P (e) =
4
3
P (N ≥ 1)

=
4
3

(
1− Φ

(1
2

))

= 0.41



Pijanìthtec - 2006/Tètarth Seir� Ask sewn 4

'Askhsh 3. EÐnai eukolìtero na upologÐsoume thn P (X > Y ) paÐrnontac desmeumènh pijanìthta
p�nw sth metablht  Y kai qrhsimopoi¸ntac to je¸rhma Olik c Pijanìthtac:

P (X > Y ) =
∞∑

y=0

P (X > Y |Y = y)P (Y = y)

=
∞∑

y=0

P (X > y|Y = y)P (Y = y)

=
∞∑

y=0

P (X > y)P (Y = y)

=
∞∑

y=0

e−λye−λ λy

y!

= e−λ
∞∑

y=0

(λe−λ)y

y!

= e−λeλe−λ
= eλ(e−λ−1)

'Askhsh 4.
(a) 'Estw G to gegonìc �o kairìc eÐnai kalìs�. DÐnetai ìti P (G) = 2

3 . Gia na broÔme thn PDF thc
X, pr¸ta brÐskoume thn PDF thc W , kaj¸c X = s + W = 2 + W . Xèroume ìti an o kairìc eÐnai
kalìc, tìte W ∼ N (0, 1), en¸ an o kairìc eÐnai kakìc W ∼ N (0, 9). Gia na broÔme thn PDF thc
W qrhsimopoioÔme to je¸rhma Olik c Pijanìthtac gia sunart seic puknìthtac:

fW (w) = P (G) · fW |G(w) + P (Gc) · fW |Gc(w)

=
2
3
· 1√

2π
e−

w2

2 +
1
3
· 1
3
√

2π
e−

w2

2·9

Sth sunèqeia pragmatopoioÔme thn allag  metablht¸n X = 2+W gia na broÔme thn PDF thc X:

fX(x) = fW (x− 2) =
2
3
· 1√

2π
e−

(x−2)2

2 +
1
3
· 1
3
√

2π
e−

(x−2)2

2·9 .

(b) MporoÔme na qrhsimopoi soume thn PDF pou orÐsthke sto prohgoÔmeno er¸thma gia na up-
ologÐsoume th zhtoÔmenh pijanìthta ∫ 3

1
fX(x) dx .

EÐnai ìmwc eukolìtero na metafr�soume to gegonìc {1 ≤ X ≤ 3} qrhsimopoi¸ntac to W kai met�
na efarmìsoume to je¸rhma Olik c Pijanìthtac. 'Eqoume ìti

P (1 ≤ X ≤ 3) = P (1 ≤ 2 + W ≤ 3) = P (−1 ≤ W ≤ 1)

kai apì to j. Ol. Pij.

P (−1 ≤ W ≤ 1) = P (G)P (−1 ≤ W ≤ 1|G)︸ ︷︷ ︸
a

+ P (Gc)P (−1 ≤ W ≤ 1|Gc)︸ ︷︷ ︸
b

Kaj¸c desmeÔontac eÐte p�nw sth G   sth Gc h tuqaÐa metablht  W eÐnai Gaussian, oi desmeumènec
pijanìthtec a kai b mporoÔn na ekfrastoÔn mèsw thc sun�rthshc Φ. DesmeÔontac p�nw sth G
èqoume W ∼ N (0, 1) opìte

a = Φ(1)− Φ(−1) = 2Φ(1)− 1 .

DesmeÔontac p�nw sth Gc èqoume W ∼ N (0, 9) opìte

b = Φ
(1

3

)
− Φ

(
−1

3

)
= 2Φ

(1
3

)
− 1 .
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Epomènwc h telik  ap�nthsh eÐnai h:

P (1 ≤ X ≤ 3) =
2
3
(2Φ(1)− 1) +

1
3

(
2Φ

(1
3

)
− 1

)
.

'Askhsh 5.
IsqÔei ìti,

fX(x) =
dFX

dx
(x) =

{
3α3x−4, x ≥ α
0, x < α

EpÐshc,

E[X] =
∫ +∞

−∞
xfX(x) dx =

∫ +∞

α
x 3α3x−4 dx

= 3 α3

∫ +∞

α
x−3 dx

= 3 α3
(
− 1

2
x−2

)∣∣∣
+∞

α

=
3α

2

kai

E[X2] =
∫ +∞

−∞
x2fX(x) dx =

∫ +∞

α
x2 3α3x−4 dx

= 3 α3

∫ +∞

α
x−2 dx

= 3 α3(−x−1)
∣∣∣
+∞

α

= 3α2

'Ara, h diaspor� eÐnai,

var(X) = E[X2]− (E[X])2 = 3α2 −
(3α

2

)2
=

3α2

4


