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'Askhsh 1.

(a) H tuqaÐa metablht  W lamb�nei timèc {0, 1, 2, 3, 4, 5, 6, 7, 8}. H sun�rthsh pijanìthtac
eÐnai,

pW (w) = P{W = w} = P
{

w :
7∑

i=0

wi = w
}

=
(

8
k

)
· 1
28

,

efìson up�rqouun
(

8
w

)
8 diast�sewn dianÔsmata pou èqoun �ssouc, gia

w ∈ {0, 1, 2, 3, 4, 5, 6, 7, 8}. ParathreÐste ìti,

8∑

w=0

pW (w) =
8∑

w=0

(
8
w

)
· 1
28

=
1
28

8∑

w=0

(
8
w

)
=

1
28
· (1 + 1)8 = 1,

ìpwc perimèname, afoÔ pW eÐnai mia sun�rthsh pijanìthtac.
UposhmeÐwsh:

∑n
k=0

(
n
k

) · akbn−k = (a + b)n.

(b) IsqÔei:

X =
{

1, �rtioc arijmìc �sswn
0, alli¸c.

Epomènwc,

pX(1) = P{X = 1} = P
{
{w :

7∑

i=0

wi = 2k = �artioc′}
}

=

= P{w :
7∑

i=0

wi = 0}+ P{w :
7∑

i=0

wi = 2}+

+P{w :
7∑

i=0

wi = 4}+ P{w :
7∑

i=0

wi = 6}+ P{w :
7∑

i=0

wi = 8} =

= pW (0) + pW (2) + pW (4) + pW (6) + pW (8) =

=
1
28
·
((

8
0

)
+

(
8
2

)
+

(
8
4

)
+

(
8
6

)
+

(
8
8

))
=

=
1
28
·
(
1 +

8 · 7
2

+
8 · 7 · 6 · 5
4 · 3 · 2 +

8 · 7
2

+ 1
)

=

=
1
28
· (2 + 56 + 70) =

128
256

=
1
2
.

Epomènwc afoÔ pX(0) + pX(1) = 1 ⇒ pX(0) = 1
2 .

'Ara,

pX(x) =
{

1
2 , x = 1
1
2 , x = 0.
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(g) IsqÔei to ex c:

Y =
{

1, wj = 1
0, wj = 0.

Epomènwc,

pY (1) = P{Y = 1} = P{w : wj = 1}.
H pijanìthta pY (1) antistoiqeÐ sto gegonìc ìlec oi upìloipec sunist¸sec wi, i 6= j
lamb�noun tim  0   1. Dhlad , to pl joc twn apotelesm�twn na eÐnai wj = 1 kai wi = 0  
1 gia i 6= j isoÔtai me to �jroisma:

(
7
0

)
+

(
7
1

)
+ ... +

(
7
7

)
=

7∑

n=0

(
7
n

)
= (1 + 1)7 = 27,

afoÔ mporeÐ na eÐnai 0   1   2   ...7 dunatèc sunist¸sec wi = 1. K�je èna apì ta 27

apotelèsmata èqoun pijanìthta 1/28, epomènwc,

pY (1) = P{Y = 1} = P{w : wj = 1} =
27

28
=

1
2
.

Epomènwc afoÔ pY (0) + pY (1) = 1 ⇒ pY (1) = 1
2 .

'Ara,

pY (y) =
{

1
2 , y = 1
1
2 , y = 0.

(d) IsqÔei to ex c:

Z =
{

1, maxi(wi) = 1
0, maxi(wi) = 0.

'Ara,

pZ(0) = P{Z = 0} = P{w : max
i

(wi) = 0} = P{0, 0, 0, 0, 0, 0, 0, 0} =
1
28

.

'Omoia pZ(0) + pZ(1) = 1, �ra,

pZ(1) = P{Z = 1} = 1− 1
28

=
255
256

,

kai
pZ(z) =

{
255
256 , z = 1
1

256 , z = 0.

'Askhsh 2.

(a) To �jroisma thc sun�rthshc pijanìthtac ìlwn twn pijan¸n tim¸n isoÔtai me 1. Epomènwc,

1 =
3∑

x=−3

pX(x) =
9
a

+
4
a

+
1
a

+
1
a

+
4
a

+
9
a

=
28
a

,

'Ara a = 28. H mèsh tim  thc tuqaÐac metablht c X eÐnai:

E[X] =
∑

x

xpX(x) =
3∑

x=−3

x · x2

a
= −3 · 9

a
− 2 · 4

a
− 1 · 1

a
+ 1 · 1

a
+ 2 · 4

a
+ 3 · 9

a
= 0.

ParathreÐste ìti h mèsh tim  miac tuqaÐac metablht c isoÔtai p�nta me 0 e�n h ssun�rthsh
pijanìthtac eÐnai mia �rtia sun�rthsh, dhlad  an pX(x) = pX(−x) ∀x.
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(b) O parak�tw pÐnakac deÐqnei tic timèc tou Z gia èna dedomèno X, kai thn pijanìthta tou
gegonìtoc autoÔ.

x -3 -2 -1 0 1 2 3
pX(x) 9/28 1/7 1/28 0 1/28 1/7 9/28

Z|X = x 9 4 1 0 1 4 9

ParathroÔme ìti to Z mporeÐ na p�rei mìno treic timèc me pijanìthta mh mhdenik  (1,4,9).
Epiplèon, k�je tètoia tim  antistoiqeÐ se dÔo timèc tou Q. 'Ara èqoume gia par�deigma,
pZ(9) = P (Z = 9) = P (Z = −3) + P (Z = 3) = pX(−3) + pX(3). 'Ara, h sun�rthsh
pijanìthtac thc Z eÐnai,

pZ(z) =





1/14 z = 1,
2/7 z = 4,
9/14 z = 9,
0 alli¸c.

(g) IsqÔei ìti: var(X) = E[(X − E[X])2] ⇒ var(X) = E[Z] = 1 · 1
14 + 4 · 2

7 + 9 · 9
14 = 7.

'Askhsh 3.

(a) H sun�rthsh pijanìthtac thc Xn eÐnai:

pXn(k) =
{

2−n k = 2n,
1− 2−n k = 0.

(b) H mèsh tim  eÐnai: E[Xn] = 2−n · 2n = 1.

(g) H diaspor� eÐnai:
var(Xn) = E[(Xn−E[Xn])2] = E[(Xn−1)2] = 2−n · (2n−1)2 +(1−2−n) · (0−1)2 = 2n−1.

(d) i)H pijanìthta na falir sei met� apì n rÐyeic eÐnai (1− 2−n) pou teÐnei sto 1 ìtan n →∞.
ii)E[Xn] = 1, �ra teÐnei sto 1 kaj¸c n →∞. Epomènwc mporeÐ kaneÐc na sumper�nei apì
(i, ii) ìti o paÐkthc telik� ja falir sei.
iii) var(Xn) = 2n − 1 pou teÐnei sto �peiro ìtan n →∞.

Parathr seic: Oi kanìnec tou paiqnidioÔ eÐnai tètoioi ¸ste an apofasÐsei k�poioc na paÐxei,
prèpei na paÐzei gia p�nta. O mìnoc trìpoc gia na mhn falir sei eÐnai k�je rÐyh na fèrei
kefal . To gegonìc ìmwc autì eÐnai mhdenik c pijanìthtac, dhlad  me pijanìthta 1 o
paÐkthc ja falir sei. 'Ara eÐnai protimìtero na mhn paÐxei. Up�rqei mìno mia mikr 
pijanìthta na kerdÐsei èna meg�lo posì prin falir sei.
Akìma, an o paÐkthc èqei thn dunatìthta na stamat sei Ôstera apì èna peperasmèno
arijmì paiqnidi¸n, kai o arijmìc autìc eÐnai polÔ meg�loc, tìte p�li h pijanìthta na
kerdÐsei meg�lh periousÐa eÐnai polÔ mikr . En¸ h pijanìthta na falir sei eÐnai meg�lh.
Exart�tai epomènwc apì to pìso eÐnai diatejimènoc o paÐkthc na risk�rei. Gia par�deigma,
an xekin sei to paiqnÐdi me èna eur¸, kai jèlei apegnwsmèna na kerdÐsei èna meg�lo posì,
tìte eÐnai protimìtero na paÐxei.
To nìhma ed¸ eÐnai na dei kaneÐc ìti h mèsh tim  den deÐqnei p�nta ti eÐnai pio pijanì na
gÐnei. Gia par�deigma, h mèsh tim  eÐnai p�nta 1, all� parìla aut� Ôstera apì poll�
paiqnÐdia o paÐkthc ja èqei falir sei. Autì ofeÐletai sto gegonìc ìti up�rqei mìno èna
polÔ sp�nio endeqìmeno h tuqaÐa metablht  na pareÐ meg�lh tim .

'Askhsh 4. 'Estw A = {X > k}. Tìte,

P (A) =
∞∑

n=0

p(1− p)n+k = p(1− p)k
∞∑

n=0

(1− p)n = (1− p)k.
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E�n x ≤ k tìte pX(x|A) = 0, en¸ an x > k tìte,

pX(x|A) = P{X = x|X > k} =
P{X = x}
P{X > k} =

p(1− p)x−1

(1− p)k
= p(1− p)(x−k−1).

Autì deÐqnei ìti mia tuqaÐa metablht  pou akoloujeÐ th gewmetrik  katanom  den èqei mn mh,
afoÔ pX(x|X > k) = pX(x− k).

'Askhsh 5.

(a) OrÐzoume tic 2 diadoqikèc rÐyeic me W,Z antÐstoiqa. Ta 16 isopÐjana zeÔgh faÐnontai ston
parak�tw pÐnaka (k�je kelÐ perièqei to zeÔgoc (X, Y )).

Z=1 Z=2 Z=3 Z=4
W = 1 (0,1) (1,1) (2,1) (3,1)
W = 2 (1,1) (1,2) (2,2) (3,2)
W = 3 (2,1) (2,2) (2,3) (3,3)
W = 4 (3,1) (3,2) (3,3) (3,4)

Apì ton pÐnaka mporoÔme na broÔme tic sunart seic pijanìthtac gia ta X, Y .

pX(k) =





1
16 , k = 0
3
16 , k = 1
5
16 , k = 2
7
16 , k = 3
0, alloÔ.

pY (k) =





7
16 , k = 1
5
16 , k = 2
3
16 , k = 3
1
16 , k = 4
0, alloÔ.

T¸ra mporoÔme na upologÐsoume tic mèsec timèc antÐstoiqa,

E[X] =
1
16
· 0 +

3
16
· 1 +

5
16
· 2 +

7
16
· 3 =

17
8

,

E[Y ] =
7
16
· 1 +

5
16
· 2 +

3
16
· 3 +

1
16
· 4 =

15
8

.

Apì thn grammikìthta thc mèshc tim c èqoume ìti:

E[X − Y ] = E[X]−E[Y ] =
1
4
.

(b) Apì tic sunart seic pijanìthtac sto (a) mporoÔme na upologÐsoume ta ex c:

E[X2] =
1
16
· 02 +

3
16
· 12 +

5
16
· 22 +

7
16
· 32 =

43
8

,

E[Y 2] =
7
16
· 12 +

5
16
· 22 +

3
16
· 32 +

1
16
· 42 =

35
8

.

'Ara, var(X) = E[X2]−
(
E[X]

)2
= 55

64 kai var(Y ) = E[Y 2]−
(
E[Y ]

)2
= 55

64 .
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AfoÔ oi X, Y den eÐnai anex�rthtec, oi diaspor� twn X kai Y den eÐnai k�poioc aplìc
sundiasmìc twn parap�nw. M�lista, an Z = X − Y tìte h sun�rthsh pijanìthtac thc Z
eÐnai:

pZ(k) =





4
16 , k = −1
6
16 , k = 0
4
16 , k = 1
2
16 , k = 2
0, alloÔ.

Epomènwc E[Z2] = 4
16 · (−1)2 + 6

16 · 02 + 4
16 · 12 + 2

16 · 22 = 1, kai

var(Z) = E[Z2]−
(
E[Z]

)2
= 1− (1

4)2 = 15
16 .

'Askhsh 6.

(a) 'Estw Li to gegonìc o Qr stoc na paÐxei lìtto thn iost  ebdom�da, kai Wi to gegonìc na
kerdÐsei thn iost  ebdom�da. Prèpei na upologÐsoume thn parak�tw pijanìthta,

P (Li|W c
i ) =

P (W c
i |Li)P (Li)

P (W c
i |Li)P (Li) + P (W c

i |Lc
i )P (Lc

i )
=

(1− q)p
(1− q)p + 1(1− p)

=
p− pq

1− pq
.

(b) Dedomènou tou X h tuqaÐa metablht  Y eÐnai diwnumik , epomènwc:

pY |X(y|x) =
{ (

x
y

)
qy(1− q)(x−y), 0 ≤ y ≤ x

0, alloÔ.

(g) AfoÔ h X akoloujeÐ diwnumik  katanom  tìte,

pX,Y (x, y) = pY |X(y|x)pX(x) =
{ (

x
y

)
qy(1− q)(x−y)

(
n
x

)
px(1− p)(n−x), 0 ≤ y ≤ x ≤ n

0, alloÔ.

(d) Apì to parap�nw er¸thma mporoÔme na upologÐsoume thn pijanìthta
pY (y) =

∑n
x=y pX,Y (x, y). EÐnai ìmwc pio eÔkolo na upologÐsoume thn pijanìthta aut , an

parathr soume ìti h Y eÐnai to �jroisma apì n anex�rthtec Bernoulli, me pijanìthta pq na
eÐnai 1. 'Ara h Y èqei diwnumik  sun�rthsh pijanìthtac:

pY (y) =
{ (

n
y

)
(pq)y(1− pq)(n−y), 0 ≤ y ≤ n

0, alloÔ.

(e)

pX|Y (x|y) =
pX,Y (x, y)

pY (y)
=





(x
y)qy(1−q)(x−y)(n

x)px(1−p)(n−x)

(n
y)(pq)y(1−pq)(n−y)

, 0 ≤ y ≤ x ≤ n

0, alloÔ.


