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'Askhsh 1.
Gia na broÔme thn pijanìthta ìti ènac diarr kthc ja mpei sto jusauroful�kio me thn pr¸th
prosp�jeia, ja prèpei na diairèsoume ton arijmì twn eunoðk¸n endeqomènwn me to sunolikì arijmì
endeqomènwn. Sugkekrimèna, up�rqoun

(
10
8

)
eunoðk� endeqìmena, dhlad  epituqeÐc sunduasmoÐ oi

opoÐoi ja anoÐxoun thn kleidari�. EpÐshc, up�rqoun
(
90
8

)
sunolik� trìpoi gia na epilèxoume 8 apì

90 arijmoÔc. 'Ara, h zhtoÔmenh pijanìthta eÐnai
(
10
8

)
(
90
8

) ' 5.8053 · 10−10

'Askhsh 2.
Thn �noixh kai to fjinìpwro to deltÐo kairoÔ mporeÐ na lèei �� lioς��   ��sunnefi���   ��broq ��.
'Ara, gia kajemÐa apì tic dÔo autèc epoqèc, o sunolikìc arijmìc twn dunat¸n akolouji¸n deltÐwn
kairoÔ eÐnai 390. 'Omoia, up�rqoun 490 pijanèc akoloujÐec deltÐwn kairoÔ to qeim¸na (den up�rqei
periorismìc gia tic kairikèc sunj kec) kai 290 to kalokaÐri (de gÐnetai na brèxei kai na qionÐsei).
'Ara, o sunolikìc arijmìc akolouji¸n twn deltÐwn kairoÔ eÐnai

390 · 390 · 490 · 290 ' 10167

'Askhsh 3.
(a) JewroÔme ta gegonìta

A35 = {o 'Arhc k�nei 3 nÐkec se 5 ag¸nec}
A45 = {o 'Arhc k�nei 4 nÐkec se 5 ag¸nec}
A55 = {o 'Arhc k�nei 5 nÐkec se 5 ag¸nec}
A5 = {o 'Arhc gÐnetai prwtajlht c se playoff twn 5 ag¸nwn}
A3 = {o 'Arhc gÐnetai prwtajlht c se playoff twn 3 ag¸nwn}

A23 = {o 'Arhc k�nei 2 nÐkec se 3 ag¸nec}
A33 = {o 'Arhc k�nei 3 nÐkec se 3 ag¸nec}

Sthn perÐptwsh twn 5 paiqnidi¸n, gia na gÐnei prwtajlht c o 'Arhc prèpei na k�nei 3   4   5 nÐkec.
'Ara, P (A5) = P (A35∪A45∪A55). 'Omwc, ta gegonìta A35, A45, A55 eÐnai xèna metaxÔ touc. 'Ara,
eÐnai

P (A5) = P (A35) + P (A45) + P (A55)

=
(

5
3

)
p3(1− p)2 +

(
5
4

)
p4(1− p)1 +

(
5
5

)
p5(1− p)0

'Omoia, sthn perÐptwsh twn 3 paiqnidi¸n isqÔei

P (A3) = P (A23) + P (A33)

=
(

3
2

)
p2(1− p)1 +

(
3
3

)
p3(1− p)0
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Jèloume oi timèc tou p na ikanopoioÔn th sqèsh

10p3(1− p)2 + 5p4(1− p) + p5 > 3p2(1− p) + p3

H sqèsh aut  isqÔei gia 1
2 < p < 1.

(b) H seir� stamat�ei ìtan mia om�da ft�sei pr¸th tic (n+1)/2 nÐkec. 'Ara, to na paÐxoun oi dÔo
om�dec ta upìloipa paiqnÐdia den ephre�zei to poiìc kerdÐzei ta playoff. Opìte, akìma kai t¸ra
isqÔei ìti 1

2 < p < 1.

'Askhsh 4.
Upojètoume ìti N ≥ 5. Se perÐptwsh pou den up rqan periorismoÐ stic jèseic ja Ðsque to ex c: h
MarÐa mporeÐ na park�rei se mÐa apì tic N jèseic pou èqei to p�rkin kai o Qr stoc mporeÐ me th
seir� tou na park�rei se mÐa apo tÐc N − 1 jèseic pou apomènoun. 'Etsi, to pl joc twn dunat¸n
apotelesm�twn eÐnai N(N − 1). 'Estw ìti A eÐnai to endeqìmeno ìti h MarÐa kai o Qr stoc èqoun
park�rei se jèseic pou apèqoun akrib¸c 4. Up�rqoun N − 4 dunatoÐ trìpoi pou h MarÐa park�rei
arister� tou Qr stou kai up�rqoun 3 kenèc jèseic metaxÔ touc. 'Omoia, up�rqoun N − 4 dunatoÐ
trìpoi pou o Qr stoc park�rei arister� thc MarÐac kai up�rqoun 3 kenèc jèseic metaxÔ touc.
'Etsi, o arijmìc twn dunat¸n apotelesm�twn tou A eÐnai: (N − 4) + (N − 4) = 2(N − 4). Opìte,
h zhtoÔmenh pijanìthta eÐnai:

P (A) =
arijmìc dunat¸n apotelesm�twn tou A

sunolikìc arijmìc apotelesm�twn
=

2(N − 4)
N(N − 1)

'Askhsh 5.
(a) OrÐzoume ta gegonìta A, B wc ex c:

A = {akrib¸c k kefalèc se N rÐyeic}
B = {toul�qiston mÐa rÐyh fèrnei kefal }

Jèloume na broÔme thn pijanìthta P (A|B) = P (A ∩B)/P (B). 'Omwc,

P (B) = 1− P (Bc) = 1− P (kai oi N rÐyeic  rjan gr�mmata)
= 1− (1− p)N

Xèroume, epÐshc, ìti h pijanìthta na èrjoun k kefalèc kai N − k gr�mmata eÐnai pk(1 − p)N−k.
'Omwc, up�rqoun

(
N
k

)
trìpoi na èrjoun autèc oi k kefalèc se N rÐyeic. 'Etsi, P (A|B) = P (A) =(

N
k

)
pk(1 − p)N−k (ìpou jewr same ìti afoÔ k ≥ 1, to gegonìc A perilamb�netai pl rwc sto

gegonìc B). 'Ara,

P (A|B) =

{
(N

k )pk(1−p)N−k

1−(1−p)N , gia k = 1, 2, . . . , N

0 , alli¸c

(b) 'Estw ta gegonìta

A = { rje KGKGKGKGKG}
B = {akrib¸c 5 stic 10 rÐyeic  rjan kefal }

H pijanìthta pou jèloume na broÔme eÐnai h P (A|B). H akoloujÐa KGKGKGKGKG eÐnai monadik 
an�mesa se ìlec tic pijanèc akoloujÐec 10 rÐyewn me 5 kefalèc kai 5 gr�mmata. Opìte, gia na
upologÐsoume thn P (A|B) apomènei na broÔme to sunolikì arijmì akolouji¸n me 5 kefalèc kai 5
gr�mmata, pou eÐnai

(
10
5

)
. 'Ara, P (A|B) = 1/

(
10
5

)
.

(g) 'Estw ta gegonìta

A = {akrib¸c 3 gr�mmata  rjan stic 6 pr¸tec rÐyeic}
B = {6 apì tic 10 rÐyeic  rjan kefal }
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Jèloume na upologÐsoume thn pijanìthta

P (A|B) =
P (A,B)
P (B)

=
P (B, A)
P (B)

=
P (B|A)P (A)

P (B)

'Ara, isqÔei ìti

P (A) =
(

6
3

)
p3(1− p)3

P (B) =
(

10
6

)
p6(1− p)4

'Ara, isqÔei ìti P (B|A) = P ( rjan 3 kefalèc stic 4 teleutaÐec rÐyeic) =
(
4
3

)
p3(1− p). Opìte,

P (A|B) =
P (B|A)P (A)

P (B)

=

(
4
3

)
p3(1− p) · (6

3

)
p3(1− p)3(

10
6

)
p6(1− p)4

=
8
21

'Askhsh 6.
(a) Sthn tr�poula up�rqoun sunolik� 4 �ssoi. 'Ara, h pijanìthta to qartÐ sthn koruf  na eÐnai
�ssoc einai Ðsh me 4/52=1/13.

(b)

• EÐnai p�li 4/52=1/13, afoÔ k�je qartÐ èqei Ðdia pijanìthta na eÐnai deÔtero sthn tr�poula,
kai efìson up�rqoun 4 �ssoi sta 52 qarti� sunolik�, prokÔptei 4/52=1/13.

• Upojètoume ìti to pr¸to qartÐ eÐnai �ssoc. H pijanìthta to deÔtero qartÐ na eÐnai r gac,
eÐnai 4/51, afoÔ up�rqoun 51 qarti� pou èqoun apomeÐnei sthn tr�poula, 4 apì ta opoÐa eÐnai
rhg�dec. 'Ara, efìson k�je qartÐ èqei Ðdia pijanìthta na eÐnai opoud pote sthn tr�poula,
èqoume ìti h pijanìthta eÐnai Ðsh me 4/51.

(g) Epilègoume 7 qarti� apì thn tr�poula. Up�rqoun
(
52
7

)
trìpoi gia na k�noume aut  thn epilog .

• 'Estw to gegonìc A = {sta 7 qarti� up�rqoun akrib¸c 3 �ssoi}. Gia na broÔme thn P (A)
prèpei pr¸ta na metr soume me pìsouc trìpouc mporoÔme na dialèxoume 7 qarti� me akrib¸c
3 �ssouc. MporoÔme na epilèxoume touc 3 apì touc 4 sunolik� �ssouc thc tr�poulac me(
4
3

)
trìpouc. Apì ta 48 qarti� pou apomènoun (ta opoÐa den perièqoun �ssouc), up�rqoun(

48
4

)
trìpoi na epilèxoume ta upìloipa 4 qarti� apì thn tr�poula. 'Ara, up�rqoun

(
4
3

)(
48
4

)
diaforetikoÐ trìpoi na epilèxoume 7 qarti� me akrib¸c 3 �ssouc. Opìte, diair¸ntac me ton
arijmì twn trìpwn pou mporoÔme na eppilèxoume 7 qarti� apì thn tr�poula, èqoume ìti

P (A) =

(
4
3

)(
48
4

)
(
52
7

)

• 'Estw B to gegonìc ìti sta 7 qarti� up�rqoun akrib¸c 2 rhg�dec. Me ìmoio trìpo brÐskoume
ìti

P (B) =

(
4
2

)(
48
5

)
(
52
7

)
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• T¸ra jèloume na broÔme thn pijanìthta ìti sta 7 qarti� up�rqoun akrib¸c 3 �ssoi  
akrib¸c 2 rhg�dec   kai ta dÔo. Dhlad , y�qnoume gia thn P (A + B), ìpou P (A + B) =
P (A)+P (B)−P (A, B). Oi P (A), P (B) eÐnai gnwstèc apì parap�nw. 'Ara, arkeÐ na broÔme
thn P (A,B). Up�rqoun

(
4
3

)
trìpoi na dialèxoume 3 apì touc 4 �ssouc thc tr�poulac,

(
4
2

)

trìpoi na dialèxoume 2 apì touc 4 rhg�dec kai
(
44
2

)
trìpoi na dialèxoume ta �lla 2 qarti�

(pou den eÐnai oÔte �ssoi oÔte rhg�dec). Epomènwc, up�rqoun
(
4
3

)(
4
2

)(
44
2

)
trìpoi na epilèxoume

7 qarti� me 3 �ssouc kai 2 rhg�dec akrib¸c. 'Ara, eÐnai

P (A,B) =

(
4
3

)(
4
2

)(
44
2

)
(
52
7

)

Opìte,

P (A + B) =

(
4
3

)(
48
4

)
+

(
4
2

)(
48
5

)− (
4
3

)(
4
2

)(
44
2

)
(
52
7

)


