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'Askhsh 1.
(a) DÐnetai ìti P (A) = 3/7 kai ìti ta endeqìmena A, B, C eÐnai an� dÔo xèna metaxÔ touc. Opìte,
ja isqÔei: A ∩B = ∅, A ∩ C = ∅, B ∩ C = ∅, A ∩B ∩ C = ∅.
Qrhsimopoi¸ntac touc kanìnec De Morgan xèroume ìti (Bc ∪ Cc)c = B ∩ C. Opìte

P (A ∪ (Bc ∪ Cc)c) = P (A ∪ (B ∩ C)) = P (A) + P (B ∩ C)− P (A ∩ (B ∩ C))
= P (A) = 3/7

afoÔ B ∩ C = ∅ ⇒ P (B ∩ C) = 0 kai A ∩B ∩ C = ∅ ⇒ P (A ∩B ∩ C) = 0

(b) DÐnetai ìti P (A) = 1/2, P (B ∩ C) = 1/3 kai P (A ∩ C) = 0. Opìte, efarmìzontac xan� touc
kanìnec De Morgan ja èqoume

P (A ∪ (Bc ∪ Cc)c) = P (A ∪ (B ∩ C)) = P (A) + P (B ∩ C)− P (A ∩ (B ∩ C))
= P (A) + P (B ∩ C) = 5/6

diìti P (A ∩ C) = 0 ⇒ A ∩ C = ∅ kai A ∩B ∩ C ⊆ A ∩ C.
'Ara, A ∩B ∩ C = ∅ ⇒ P (A ∩B ∩ C) = 0

(g) DÐnetai ìti P (Ac ∩ (Bc ∪ Cc)) = 0.65. Efarmìzontac touc kanìnec De Morgan prokÔptei ìti
(Ac ∩ (Bc ∪ Cc))c = A ∪ (Bc ∪ Cc)c pou eÐnai to gegonìc tou opoÐou thn pijanìthta jèloume na
broÔme. 'Opote, isqÔei ìti

P (A ∪ (Bc ∪ Cc)c) = 1− P (Ac ∩ (Bc ∪ Cc)) = 1− 0.65 = 0.35

'Askhsh 2.
(a) To peÐrama jewroÔme ìti gÐnetai se dÔo f�seic. Sthn pr¸th f�sh gÐnetai h epilog  twn dÔo
kerm�twn, en¸ sth deÔterh f�sh gÐnetai to rÐximo aut¸n. Up�rqoun treic diaforetikoÐ trìpoi me
touc opoÐouc mporeÐ na gÐnei h epilog  dÔo kerm�twn apì èna sÔnolo tri¸n: epilègoume to pr¸to
kai to deÔtero   to pr¸to kai to trÐto   to deÔtero kai to trÐto. Kajèna apì aut� ta zeug�ria èqei
thn Ðdia pijanìthta epilog c. EpÐshc, gia k�je zeug�ri kerm�twn up�rqoun ta ex c endeqìmena
rÐyewn: (kefal , kefal ), (kefal , gr�mmata), (gr�mmata, kefal ), (gr�mmata, gr�mmata). 'Ara,
o deigmatoq¸roc mporeÐ na perigrafeÐ me ton trìpo pou faÐnetai sto sq ma 1.

(b) H pijanìthta kai oi dÔo pleurèc pou èrqontai met� th rÐyh twn dÔo kerm�twn na eÐnai bammènec
me to Ðdio qr¸ma eÐnai:

P (pleurèc me Ðdio qr¸ma) = P ((mple,mple)) + P ((kìkkino,kìkkino))

=
1
3

{1
2
(1− p) +

1
2
(1− p) + p2 + (1− p)2

}

=
1
3
(2p2 − 3p + 2)

'Omwc, P (pleurèc me Ðdio qr¸ma) = 29/96.
LÔnontac th deuterob�jmia exÐswsh (1/3)(2p2−3p+2) = 29/96, brÐskoume ìti p = 5/8   p = 7/8.
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Sq ma 1: Dendrik  anapar�stash zht matoc 2.(a)

'Askhsh 3.
'Estw A to endeqìmeno ìti o fÐloc sac y�qnei sth diskèta 1 kai de brÐskei tÐpota, kai èstw Bi to
endeqìmeno ìti h ergasÐa sac eÐnai sth diskèta i. 'Ara, o deigmatikìc q¸roc eÐnai o ex c

Sq ma 2: Dendrik  anapar�stash 'Askhshc 3

ParathroÔme ìti ta endeqìmena B1, B2, B3 kai B4 apoteloÔn mia diamèrish tou deigmatikoÔ q¸rou.
'Opote, efarmìzoume ton kanìna tou Bayes gia na broÔme thn pijanìthta ìti h ergasÐa brÐsketai
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sth diskèta i dedomènou ìti o fÐloc y�qnei sth diskèta 1 all� den mporeÐ na thn anakt sei:

P (Bi|A) =
P (Bi)P (A|Bi)

P (B1)P (A|B1) + P (B2)P (A|B2) + P (B3)P (A|B3) + P (B4)P (A|B4)

=
1
4P (A|Bi)

1
4 · (1− p) + 1

4 · 1 + 1
4 · 1 + 1

4 · 1
=

P (A|Bi)
4− p

'Ara,

P (Bi|A) =
{

(1− p)/(4− p) , gia i = 1
1/(4− p) , gia i = 2, 3, 4

'Askhsh 4.
'Estw A0 to endeqìmeno ìti diab�zw to bit 0, èstw A1 to endeqìmeno ìti diab�zw to bit 1, èstw
B0 to endeqìmeno ìti to bit pou diab�zw eÐnai pr�gmati 0 kai èstw B1 to endeqìmeno ìti to bit pou
diab�zw eÐnai pr�gmati 1. Opìte, isqÔoun oi ex c pijanìthtec: P (B0|A0) = 0.9, P (B1|A1) = 0.85,
P (B1|A0) = 1− P (B0|A0) = 1− 0.9 = 0.1, P (B0) = P (B1) = 1/2.
Jèloume na upologÐsoume thn pijanìthta P (B1|A1). Apì ton kanìna tou Bayes ja isqÔei:

P (B1|A1) =
P (B1)P (A1|B1)

P (B1)P (A1|B1) + P (B0)P (A1|B0)

=
1
20.85

1
20.85 + 1

20.1
∼= 0.895

'Askhsh 5.
AfoÔ A ⊂ B ja eÐnai: A ∩ B = A ⇒ P (A ∩ B) = P (A). 'Omwc, gia na eÐnai ta A, B anex�rthta
ja prèpei: P (A ∩ B) = P (A)P (B). Opìte, ta gegonìta A, B ja eÐnai anex�rthta an kai mìno
an P (A) = 0   P (B) = 1. Autì ja mporoÔse na sumbeÐ sthn perÐptwsh pou to A eÐnai to kenì
sÔnolo   sthn perÐptwsh pou to B eÐnai to upersÔnolo Ω.

'Askhsh 6.
(a) Alhj c
IsqÔei ìti: P (A|B) = P (A ∩ B)/P (B) = P (A) ⇒ P (A ∩ B) = P (A)P (B) dhlad  ta A kai B
eÐnai anex�rthta. Kai afoÔ to B eÐnai anex�rthto tou A, ja eÐnai epÐshc anex�rthto tou Ac. Apì
orismì thc anexarthsÐac èqoume ìti P (B|Ac) = P (B).

(b) Yeud c
AfoÔ apì tic 10 rÐyeic mìno oi 5  rjan gr�mmata, shmaÐnei ìti h gn¸sh gia mÐa rÐyh parèqei gn¸sh
gia tic upìloipec rÐyeic. Autì shmaÐnei ìti ta dÔo gegonìta den eÐnai anex�rthta. Me �lla lìgia, h
gn¸sh ìti h pr¸th rÐyh  tan gr�mmata ephre�zei thn pijanìthta ìti h dèkath rÐyh eÐnai gr�mmata.

(g) Alhj c
Se autì to er¸thma ìlec oi rÐyeic èferan gr�mmata. 'Est, h gn¸sh mac gia mÐa rÐyh den parèqei
kami� prìsjeth gn¸sh sqetik� me thn dèkath rÐyh. Epomènwc, ta dÔo gegonìta eÐnai anex�rthta.
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(d) Alhj c
Ta gegonìta Ai eÐnai xèna. Efarmìzoume to nìmo thc olik c pijanìthtac sto endeqìmeno B ∩ C:

P (B|C) =
P (B ∩ C)

P (C)

=
n∑

i=1

P (Ai)P (B ∩ C|Ai)
P (C)

=
n∑

i=1

P (Ai)
P (B∩C∩Ai)

P (Ai)

P (C)

=
n∑

i=1

P (Ai ∩B ∩ C)
P (C)

'Omwc, to dexÐ mèloc thc sqèshc pou mac dÐnetai proc apìdeixh, dÐnei:

n∑

i=1

P (Ai|C)P (B|Ai) =
n∑

i=1

P (Ai ∩ C)
P (C)

· P (B ∩Ai)
P (Ai)

(1)

DÐnetai ìti ta B, C eÐnai upì sunj kh anex�rthta dedomènou twn Ai, gia ìla ta i. 'Ara:

P (B ∩ C|Ai) = P (B|Ai)P (C|Ai) = (P (B ∩Ai)/P (Ai)) · (P (C ∩Ai)/P (Ai))

'Omwc, P (B∩C|Ai) = P (B∩C∩Ai)/P (Ai). Sundu�zontac tic dÔo prhgoÔmenec sqèseic, prokÔptei
ìti:

P (Ai ∩ C) · P (B ∩Ai)/P (Ai) = P (B ∩ C ∩Ai)

'Ara,

(1) =
n∑

i=1

P (Ai ∩B ∩ C)
P (C)

'Askhsh 7.
(a) Jèloume na deÐxoume ìti P (B|A) > P (B). 'Ara, ja isqÔei:

P (B|A) =
P (B ∩A)

P (A)
=

P (A ∩B)
P (A)

=
P (A|B)P (B)

P (A)
>

P (A)P (B)
P (A)

= P (B)

⇒ P (B|A) > P (B)

ìpou gia na katal xoume sthn teleutaÐa anisìthta qrhsimopoi same th sqèsh P (A|B) > P (A).

(b) 'Estw ìti P (B) = 1. Tìte ja isqÔei ìti P (A|B) = P (A ∩ B)/1 ≤ P (A) (afoÔ A ∩ B ⊂ A).
Autì ìmwc eÐnai �topo, giatÐ tìte to B den èlkei to A (prèpei P (A|B) > P (A)). 'Ara, P (B) < 1,
dhlad  1− P (Bc) < 1 ⇒ P (Bc) > 0.
T¸ra, qrhsimopoi¸ntac to je¸rhma olik c pijanìthtac èqoume:

P (A) = P (A|B)P (B) + P (A|Bc)P (Bc) ⇒
P (A)[P (B) + P (Bc)] = P (A|B)P (B) + P (A|Bc)P (Bc) ⇒

P (B)[P (A|B)− P (A)]︸ ︷︷ ︸
(X)

+ P (Bc)[P (A|Bc)− P (A)]︸ ︷︷ ︸
(Y )

= 0

Gia ton ìro X isqÔei: X > 0, giatÐ P (B) > 0 kai P (A|B) > P (A) ⇒ P (A|B)− P (A) > 0 (afoÔ
to B èlkei to A). Epomènwc, o ìroc Y ja prèpei na eÐnai austhr� arnhtikìc, ètsi ¸ste oi dÔo ìroi
na dÐnoun �jroisma 0. 'Ara, efìson Y < 0 kai P (Bc) > 0, ja eÐnai P (A|Bc) − P (A) < 0 dhlad 
P (A|Bc) < P (A). Opìte, to Bc apwjeÐ to A.
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Sq ma 3: Di�gramma Venn zht matoc 7.(g)

(g) E�n to A èlkei to B kai to B èlkei to C, tìte to A den èlkei p�nta to C. Autì prokÔptei me
b�sh to parak�tw antipar�deigma:
'Estw A, C dÔo xèna sÔnola, ìpou kai ta dÔo eÐnai austhr� uposÔnola enìc trÐtou sunìlou B.
JewroÔme ìti h pijanìthta ìlwn twn gegonìtwn den eÐnai oÔte 0 oÔte 1.

Aut  h kat�stash perigr�fetai apì to di�gramma Venn tou sq matoc 3. AfoÔ to A eÐnai
uposÔnolo tou B kai P (B) < 1, h dèsmeush p�nw sto gegonìc B aux�nei thn pijanof�neia thc
emf�nishc tou gegonìtoc A. Epomènwc, to gegonìc B èlkei to A (kai qrhsimopoi¸ntac to er.(a),
lème ìti, epÐshc, kai to A èlkei to B). Me ton Ðdio sullogsmì katal goume ìti kai to B èlkei to
C. 'Omwc, ta A kai C eÐnai xèna sÔnola, �ra P (C|A) = 0 < P (C), dhlad  to A den èlkei to C.

'Askhsh 8.
(a) Gia na broÔme tic pijanìthtec twn Bi qrhsimopoioÔme to nìmo thc olik c pijanìthtac

P (B0) = P (B0|A0)P (A0) + P (B0|A1)P (A1) + P (B0|A2)P (A2)

= (1− ε)
1
2

+ 0
1
4

+ ε
1
4

=
1
2
− 1

4
ε,

P (B1) = P (B1|A0)P (A0) + P (B1|A1)P (A1) + P (B1|A2)P (A2)

= ε
1
2

+ (1− ε)
1
4

+ 0
1
4

=
1
4

+
1
4
ε,

P (B2) = P (B2|A0)P (A0) + P (B2|A1)P (A1) + P (B2|A2)P (A2)

= 0
1
2

+ ε
1
4

+ (1− ε)
1
4

=
1
4

'Opwc eÐnai anamenìmeno, to �jroisma twn Bi eÐnai 1.
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(b) Oi desmeumènec pijanìthtec eÐnai

P (A0|B1) =
P (A0, B1)

P (B1)

=
P (B1, A0)

P (B1)

=
P (B1|A0)P (A0)

P (B1)

=
ε1
2

1
4 + 1

4ε

=
2ε

1 + ε
,

P (A1|B1) =
P (A1, B1)

P (B1)

=
P (B1, A1)

P (B1)

=
P (B1|A1)P (A1)

P (B1)

=
(1− ε)1

4
1
4 + 1

4ε

=
1− ε

1 + ε
,

P (A2|B1) =
P (A2, B1)

P (B1)

=
P (B1, A2)

P (B1)

=
P (B1|A2)P (A2)

P (B1)

=
01

4
1
4 + 1

4ε

= 0

Xan� parathroÔme ìti to �jroisma twn parap�nw pijanot twn eÐnai 1 (ìpwc  tan anamenìmeno).


