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LÔseic

Jèma 1.
Apì ton orismì thc ajroistik c sun�rthshc katanom c kai to Sq ma prokÔptei eÔkola ìti:

(a)

P (X = 2) = FX(2)− FX(2−) =
2
3
− 1

3
=

1
3
.

(b)

P (X < 2) = FX(2−) =
1
3
.

(g)

P ({X = 2} ∪ {0.5 ≤ X ≤ 1.5}) =
= P (X = 2) + P (0.5 ≤ X ≤ 1.5) =

= P (X = 2) + FX(1.5)− FX(0.5) =

=
1
3
− =

1
3
− 1

3
· (0.5)2 =

=
7
12

.

(d)

P ({X = 2} ∪ {0.5 ≤ X ≤ 3}) =
= P (0.5 ≤ X ≤ 3) =

= FX(3)− FX(0.5) =

=
5
6
− 1

12
=

=
3
4
.

Jèma 2.

(a) H perioq  ìpou h apì koinoÔ sun�rthsh puknìthtac pijanìthtac eÐnai c faÐnetai sto
Sq ma (1). Prìkeitai gia èna trÐgwno me b�sh 2 kai Ôyoc 1. Gia thn stajer� c prèpei,

∫ +∞

−∞

∫
fxy(x, y)dxdy = 1,

 

c · 1
2
· 1 · 2 = 1,

 

c = 1,

ìpou to ginìmeno 1
2 · 1 · 2 eÐnai to embadìn tou grammoskiasmènou trig¸nou.
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Sq ma 2: 2(a,ii)

Genik� isqÔei ìti fX(x) =
∫ +∞
−∞ fXY (x, y)dy. Apì to Sq ma (1) faÐnetai ìti,

• Gia −1 ≤ x ≤ 0, fX(x) =
∫ 1+x
0 cdy = 1 + x

• Gia 0 ≤ x ≤ 1, fX(x) =
∫ 1−x
0 cdy = 1− x.

'Ara,

fX(x) =





1 + x ,−1 ≤ x ≤ 0
1− x , 0 ≤ x ≤ 1
0 , alloÔ.

OmoÐwc gia 0 ≤ y ≤ 1, fY (y) =
∫ +∞
−∞ fXY (x, y)dy =

∫ 1−y
y−1 cdx = 2(1− y). Dhlad ,

fY (y) =
{

2(1− y) , 0 ≤ y ≤ 1
0 , alloÔ.

Profan¸c, Sq ma (2), fXY (x, y) 6= fX(x)fY (y) kai oi tuqaÐec metablhtèc XY den eÐnai
anex�rthtec.

(b) Apant�tai polÔ eÔkola parathr¸ntac th grafik  par�stash tou Sq matoc (3). To
olokl rwma thc sun�rthshc puknìthtac pijanìthtac sto grammoskiasmèno trÐgwno me
b�sh (0, 1) kai Ôyoc 1

3 sto shmeÐo (2
3 , 1

3) isoÔtai me thn pijanìthta P (X ≥ 2Y ). 'Ara,
P (X ≥ 2Y ) = 1

2 · 1
3 · 1 = 1

6 .

(g) OmoÐwc apì to Sq ma (4) èqoume ìti,

P (X + Y ) ≥ 1
2
) = c · E1 = c · (E − E2) = 1 · (1− 1

2
· 3
2
· 3
4
) =

7
16

.
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Sq ma 3: 2(b)
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Sq ma 4: 2(g)



Pijanìthtec - 2006/Telik  Exètash 4

(d)

fX
Y

(
x

y
) =

fXY (x, y)
fY (y)

=
1

2(1− y)
, |x| ≤ 1− y, 0 < y < 1,

f Y
X

(
y

x
) =

fXY (x, y)
fX(x)

=
1

1− |x| , 0 < y < 1− |x|, |x| ≤ 1.

Jèma 3.

(a)

P (990 < X < 1020) = P
(990− 1000

20
<

X − 1000
20

<
1020− 1000

20

)
=

= P
(
− 1

2
< Y < 1

)
= Φ(1)− Φ

(
− 1

2

)
=

= Φ(1)− 1 + Φ
(1

2

)
= 0.8413− 1 + 0.6915 = 0.5328,

ìpou h Y akoloujeÐ kanonik  katanom  N(0, 1).

(b)

P (X < 1020|X > 990) =
P (990 < X < 1020)

P (X > 990)
=

=
0.5328

P
(

X−1000
20 > 990−1000

20

) =

=
0.5328

P
(
Y > −1

2

) =

=
0.5328

1− Φ
(
− 1

2

) =
0.5328

Φ
(

1
2

) = 0.7705.

Jèma 4.

(a,i)

FX(x) = P (X ≤ x) = P
(
U

1
2 ≤ x

)
= P

(
U ≤ x2

)
= FU (x2) = x2, 0 ≤ x ≤ 1,

kaj¸c h U akoloujeÐ omoiìmorfh katanom  sto [0, 1], tìte FU (u) = u, 0 ≤ u ≤ 1. 'Ara,
fX(x) = 2x, 0 ≤ x ≤ 1.

(a,ii)

FY (y) = P (Y ≤ y) = P (−lnU ≤ y) = P
(
U ≥ e−y

)
= 1− FU (e−y) = 1− e−y, y ≥ 0.

'Ara, fY (y) = e−y, y ≥ 0 kai epomènwc h tuqaÐa metablht  Y eÐnai ekjetik .
Trìpoc paragwg c deigm�twn miac ekjetik c tuqaÐac metablht c:
Par�gw deÐgmata omìiìmorfhc sto [0, 1] tuqaÐac metablht c kai ta pern¸ apì to
metasqhmatismì −ln(u).

(a,iii)

FZ(z) = P (Z ≤ z) = P (aU + b ≤ z) =





P
(
U ≤ z−b

a

)
, a > 0

P
(
U ≥ z−b

a

)
, a < 0

=





FU

(
z−b
a

)
, a > 0

1− FU

(
z−b
a

)
, a < 0

=
{

z−b
a , a > 0, b < z ≤ a + b

1− z−b
a , a < 0, a + b ≤ z < b.
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'Ara,

fZ(z) =
{

1
a , a > 0, b < z ≤ a + b
− 1

a , a < 0, a + b ≤ z < b.

(b) Gia x < 0 h ajroistik  sun�rthsh katanom c eÐnai 0, en¸ gia q > 2 eÐnai 1.
Gia 0 ≤ x ≤ 2 èqoume:

FX(x) = P (X ≤ x) = P (X ≤ x,H) + P (X ≤ x, T ) =

=
1
2
P (X ≤ x|H) +

1
2
P (X ≤ x|T ) =

=
1
2
P (1 + U ≤ x) +

1
2
P (1− U ≤ x) =

=
1
2
P (U ≤ x− 1) +

1
2
P (U ≤ 1− x) =

=

{
1
2 · 0 + 1

2

(
1− (1− x)

)
, 0 ≤ x ≤ 1

1
2(x− 1) + 1

2 · 1 , 1 ≤ x ≤ 2

=
x

2
, 0 < x ≤ 2.

Epomènwc h X eÐnai mia tuqaÐa metablht  pou akoloujeÐ omoiìmorfh katanom  sto [0, 2].


