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LUSEIS

Jèma 1

(a) Ousiastik� jèloume na upologÐsoume to embadìn pou brÐsketai metaxÔ twn eujei¸n y = x,
xx

′ kai x = 2, to opoÐo isoÔtai me: 2×2
2 = 2.

Sq ma 1: To zhtoÔmeno embadìn

(b) 'Eqoume ta ex c:

fX(x) =
∫ +∞

−∞
fX,Y (x, y)dy =

∫ x

0
c dy = c x gia 0 ≤ x ≤ 2

fY (y) =
∫ +∞

−∞
fX,Y (x, y)dx =

∫ 2

y
cdx = c (2− y) gia 0 ≤ y ≤ 2

Profan¸c, ja eÐnai: fX,Y (x, y) 6= fX(x) · fY (y) kai sunep¸c oi t.m. X, Y den eÐnai
anex�rthtec. Autì mporoÔme na to deÐxoume kai wc ex c:

fX|Y (x | y = 1) =
fX,Y (x, y = 1)

fY (y = 1)
=

c

c
= 1 gia 0 ≤ x ≤ 1

Epomènwc, eÐnai: fX|Y (x | y = 1) 6= fX(x). Sunep¸c, oi X, Y den eÐnai anex�rthtec.
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(g) O ìgkoc k�tw apì th sun�rthsh puknìthtac pijanìthtac prèpei na isoÔtai me thn mon�da,
opìte ja eÐnai:

c
2× 2

2
= 2 c = 1 ⇒ c =

1
2

(d) Sto sq ma 2, oi perioqèc Ω1 kai Ω2 perigr�foun to gegonìc B = {Y < 1−X} en¸ oi
perioqèc Ω2 kai Ω3 antistoiqoÔn sto gegonìc A = {X ≥ 0.5}. Epomènwc, ja èqoume:

P (B | A) =
P (A ∩B)

P (A)
=

c · embadìn thc Ω2

c · embadìn twn (Ω2 ∩ Ω3)

=

(
1
2
· 1
2

)

2

(2 · 2)
2

−

(
1
2
· 1
2

)

2

=
1
15

Sq ma 2: Oi perioqèc Ω1, Ω2 kai Ω3

(e) Apì to (b) èqoume ìti:

fX|Y (x | y) =
fX,Y (x, y = 0.5)

fY (y = 0.5)
=

c

c(2− 0.5)
=

2
3

, 0.5 ≤ x ≤ 2

ProkÔptei, loipìn, ìti dedomènou tou gegonìtoc Y = 0.5, h X eÐnai omoiìmorfh sto [0.5, 2],
ìpwc faÐnetai kai apì to sq ma 3.
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Sq ma 3: H gr. par�stash thc fX|Y (x | y = 0.5)

(st) SÔmfwna me to sumpèrasma tou zht matoc (e), ja èqoume:

E [X | Y = 0.5] =
2 + 0.5

2
=

5
4

E
[
X2 | Y = 0.5

]
=

1
3

(
0.52 + 0.5× 2 + 22

)
=

7
4

var (X | Y = 0.5) =
7
4
−

(
5
4

)2

=
3
16

(z) EÐnai:

E [X Y ] =
∫ +∞

−∞

∫ +∞

−∞
x y · fX,Y (x, y) dxdy =

∫ 2

0

∫ 2

y
x y · 1

2
dxdy

=
∫ 2

0

1
4

y
(
4− y2

)
dy = 1

Jèma 2

IsqÔei to ex c: X ∼ N (500, 25) ⇒ Z =
X − 500

5
∼ N (0, 1)

(a) 'Eqoume:

P (X ≥ 490) = P

(
X − 500

5
≥ 490− 500

5

)

= P (Z ≥ −2) = 1− P (Z ≤ −2)
= 1− Φ(−2) = 0.9772
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Epomènwc, ja eÐnai:

P (1 apì ta 3 pakèta èqei b�roc ≥ 490) =
(

3
1

)
(0.9772)1 (1− 0.9772)2 = 0.001524

(b) 'Eqoume:

P (490 ≤ X ≤ 505) = P

(
490− 500

5
≤ X − 500

5
≤ 505− 500

5

)

= P (−2 ≤ Z ≤ 1) = Φ (1)− Φ(−2)
= Φ (1) + Φ (2)− 1
= 0.8413 + 0.9772− 1 = 0.8185

Epomènwc, ja eÐnai:

P (kai ta 3 pakèta eÐnai metaxÔ 490 kai 505 gr) = (0.8185)3 = 0.54837

Jèma 3

(a) Dedomènou ìti S = s(me s = −1, 0, 1), èqoume ìti h parat rhs  mac sthn èxodo tou
kanalioÔ eÐnai: Y = Z + s. GnwrÐzoume apì th jewrÐa ìti an Y = α Z + b, tìte:

fY (y) =
1
|α|fZ

(
y − b

α

)
. Epomènwc, gia α = 1 kai b = s ja èqoume ìti:

fY |S(y | s) = fZ(y − s) =
1
2

λ e−λ |y−s| , s = −1, 0, 1

Sq ma 4: H gr. par�stash thc fZ(z)
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(b) 'Eqoume ìti:

Pe =
∑

s={−1,0,1}
P (sf�lma | est�lh to s) · P (est�lh to s)

=
1
3

[P (sf�lma | est�lh to 0) + P (sf�lma | est�lh to − 1) + P (sf�lma | est�lh to 1)]

=
1
3

[(
1− P

(
−1

2
≤ Y ≤ 1

2

∣∣∣∣∣ s = 0

))
+ P

(
Y ≥ −1

2

∣∣∣∣∣ s = −1

)
+ P

(
Y ≤ 1

2

∣∣∣∣∣ s = 1

)]

All� eÐnai Y = Z + s, opìte ja èqoume:

Pe =
1
3

[(
1− P

(
−1

2
≤ Z ≤ 1

2

))
+ P

(
Z ≥ 1

2

)
+ P

(
Z ≤ −1

2

)]

=
1
3

[
P

(
Z ≤ −1

2

)
+ P

(
Z ≥ 1

2

)
+ P

(
Z ≥ 1

2

)
+ P

(
Z ≤ −1

2

)]

=
2
3

[
P

(
Z ≤ −1

2

)
+ P

(
Z ≥ 1

2

)]

=
4
3

P

(
Z >

1
2

)
(lìgw summetrÐac � blèpe sq ma 4)

=
4
3

∫ +∞

1
2

1
2

λ e−λ z dz

=
2
3

e−λ/2

Jèma 4

(a) (i)

Sq ma 5: H zhtoÔmenh gr. par�stash
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(ii) Profan¸c, h t.m. Y eÐnai diakrit  me timèc 0, 1, 2, . . .

Gia k < 0, eÐnai: PY (k) = 0. Alli¸c:

PY (k) = P (Y = k) = P (k ≤ X < k + 1)
= FX(k + 1)− FX(k)

=
(
1− e−λ(k+1)

)
−

(
1− e−λ k

)
(X : ekjetik  t.m.)

= e−λ k − e−λ(k+1)

= e−λ k
(
1− e−λ

)

(b) EÐnai:

FX(x) = P (X ≤ x) = 1− P (X > x)
= 1− P (kanèna astèri den brÐsketai se apìstash x)
= 1− P (N = 0 se mia sfaÐra aktÐnac x)

= 1− PN (n)

∣∣∣∣∣ n=0
V = 4

3
π x3

= 1− e−ρ 4
3

π x3

Sunep¸c, ja èqoume ìti:

fX(x) =
dFX(x)

dx
= 4π ρx2 e−ρ 4

3
π x3

, x ≥ 0


