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'Askhsh 1. Pr¸ta, sqedi�zoume èna dèndro me kladi�, to opoÐo faÐnetai sto sq ma 1. 'Epeita,

Sq ma 1: Dendrikì di�gramma kai gr. parast�seic twn fY (y) kai fW (w)

qrhsimopoi¸ntac tic didìmenec sunart seic puknìthtac pijanìthtac thc �skhshc, mporoÔme na pros-
diorÐsoume tic akìloujec dÔo pijanìthtec:
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En tèlei, qrhsimopoi¸ntac to kanìna tou Bayes brÐskoume ìti:
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'Askhsh 2.

(a) Efìson oi X kai Y eÐnai anex�rthtec, h koin  touc sun�rthsh puknìthtac pijanìthtac ja
isoÔtai me:

fX,Y (x, y) = fX(x) · fY (y) =

{
1 , 0 < x, y ≤ 1
0 , alli¸c.

OrÐzoume to gegonìc R1 ìti X ≤ 0, 25 kai to gegonìc R2 ìti Y ≤ 0, 25. 'Ena m numa gÐnetai
apodektì 15 lept� afìtou o A èsteile kai ta dÔo mhnÔmata ìpote toul�qiston èna apì ta
R1 kai R2 sumbaÐnei. Epomènwc, h pijanìthta pou jèloume na upologÐsoume ja isoÔtai me:

P (R1 ∪R2) = P (R1) + P (R2)− P (R1 ∩R2)

UpologÐzoume ton k�je ìro thc parap�nw exÐswshc xeqwrist� wc ex c:
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, afoÔ oi X kai Y eÐnai anex�rthtec

Sunep¸c, h zhtoÔmenh pijanìthta ja isoÔtai me:

P (R1 ∪R2) =
1
4

+
1
4
− 1

16
=

7
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Shmei¸ste ìti h zhtoÔmenh pijanìthta mporeÐ na brejeÐ kai apì to embadì thc
skiagrammènhc perioq c tou sq matoc 2.
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Sq ma 2: H gr. par�stash thc fX,Y (x, y) kai h pijanìthta P (X ≤ 0, 25 ∪ Y ≤ 0, 25)

(b) 'Estw B to gegonìc ìti to m numa lamb�netai all� den epalhjeÔetai mèsa sta 15 lept�.
Tìte ja isqÔei ìti:

B = R1 ∩Rc
2 ∪Rc

1 ∩R2

H parap�nw exÐswsh eÐnai ènwsh dÔo xènwn gegonìtwn, opìte ja èqoume:

P (B) = P (R1 ∩Rc
2) + P (R2 ∩Rc

1)

'Omwc, epeid  ta gegonìta R1 kai R2 eÐnai anex�rthta, ja èqoume telik�:

P (B) = P (R1) · P (Rc
2) + P (R2) · P (Rc

1) =
1
4
· 3
4

+
1
4
· 3
4

=
3
8

Shmei¸ste ìti h parap�nw pijanìthta mporeÐ na brejeÐ kai apì to embadìn twn dÔo
skiagrammhmènwn perioq¸n tou sq matoc 3.

(g) H epikÔrwsh sumbaÐnei ìtan kai to deÔtero m numa fj�sei, opìte gia t ∈ [0 , 1] ja eÐnai:

FT (t) = P (X ≤ t kai Y ≤ t)
= P (X ≤ t) · P (Y ≤ t) (apì thn anexarthsÐa twn X kai Y )
= t · t = t2

Apì thn parap�nw exÐswsh mporoÔme na sumper�noume olìklhrh thn ajroistik  sun�rthsh
katanom c kai èpeita na diaforÐsoume ¸ste na p�roume th sun�rthsh puknìthtac
pijanìthtac:

FT (t) =





0 , −∞ < t ≤ 0
t2 , 0 < t ≤ 1
1 , 1 < t < ∞

⇒ fT (t) =

{
2t , 0 ≤ t ≤ 1
0 , alli¸c
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Sq ma 3: H gr. par�stash thc fX,Y (x, y) kai h pijanìthta P (B)

Sq ma 4: H gr. par�stash thc fX,Y (x, y) kai to embadìn Ðso me thn FT (t)

(d) To gegonìc ìti o up�llhloc ja eÐnai ekeÐ gia na l�bei to m numa eÐnai:
{
|X − Y | > 1

4

}
.

MporoÔme eÔkola na upologÐsoume thn pijanìthta tou en lìgw gegonìtoc apì to embadìn
twn skiagrammhmènwn perioq¸n tou sq matoc 5. 'Eqoume:
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Sq ma 5: H gr. par�stash thc fX,Y (x, y) kai h pijanìthta P

(
|X − Y | > 1

4

)

(e) Xèroume ìti h strathgik  apì to mèroc (d) thc �skhshc èqei pijanìthta
5
16

epikÔrwshc. H
�llh strathgik , to na steÐloume ton ergazìmeno spÐti èpeita apì 45 lept�, èqei pijanìthta

epikÔrwshc P

(
T ≤ 3

4

)
=

5
16

, apotim¸ntac thn èkfrash pou br kame apì to mèroc (g) thc

�skhshc. Epomènwc, kai oi dÔo strathgikèc eÐnai to Ðdio apotelesmatikèc.

'Askhsh 3.

(a) Shmei¸ste ìti h sun�rthsh puknìthtac pijanìthtac thc X faÐnetai sto sq ma 6. Pr¸ta,

Sq ma 6: H gr. par�stash thc fX(x)

ja prospaj soume na broÔme thn ajroistik  sun�rthsh katanom c thc Y :

FY (y) = P (Y ≤ y) = P
(
X2 ≤ y

)
= P (−√y ≤ X ≤ √

y) , me y > 0
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Efìson h fX(x) den eÐnai summetrik  gÔrw apì to x = 0, prèpei na jewr soume tic
akìloujec peript¸seic:

0 <
√

y ≤ 1 ⇒ FY (y) =
∫ √

y

−√y

1
3
dx =

1
3
· 2√y

1 <
√

y ≤ 2 ⇒ FY (y) =
∫ √

y

−1

1
3
dx =

1
3

(1 +
√

y)

√
y > 2 ⇒ FY (y) =

∫ 2

−1

1
3
dx = 1

Epomènwc, ja èqoume:

FY (y) =





0 , y ≤ 0
1
3
· 2√y , 0 < y ≤ 1

1
3

(
1 +

√
y
)

, 1 < y ≤ 4

1 , y > 4

Sunep¸c, ja èqoume:

fY (y) =
dFY (y)

dy
=





1
3

y−
1
2 , 0 < y ≤ 1

1
6

y−
1
2 , 1 < y ≤ 4

0 , alli¸c

(b) Ja eÐnai:

FY (y) = P (Y ≤ y) = P
(√

|X| ≤ y
)

= P
(|X| ≤ y2

)
= P

(−y2 < X ≤ y2
)

Opìte:

0 < y2 ≤ 1 ⇒ FY (y) =
∫ y2

−y2

1
3
dx =

1
3
· 2y2

1 < y2 ≤ 2 ⇒ FY (y) =
∫ y2

−1

1
3
dx =

1
3

(
1 + y2

)

y2 > 2 ⇒ FY (y) =
∫ 2

−1

1
3
dx = 1

Epomènwc, ja eÐnai:

FY (y) =





0 , y ≤ 0
1
3
· 2y2 , 0 < y ≤ 1

1
3

(
1 + y2

)
, 1 < y ≤ √

2

1 , y >
√

2

Sunep¸c, ja èqoume:

fY (y) =
dFY (y)

dy
=





4
3

y , 0 < y ≤ 1

2
3

y , 1 < y ≤ √
2

0 , alli¸c
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(g) Ja eÐnai:

FY (y) = P (Y ≤ y) = P (− ln |X| ≤ y) = P (ln |X| ≥ −y) = P
(|X| ≥ e−y

)

= P
(
X ≥ e−y ∪X ≤ −e−y

)
= P

(
X ≥ e−y

)
+ P

(
X ≤ −e−y

)

ìpou h teleutaÐa pijanìthta sp�ei diìti ta dÔo gegonìta eÐnai xèna metaxÔ touc. Opìte, ja
èqoume:

e−y ≤ 1 ⇒ FY (y) =
∫ 2

e−y

1
3

dx +
∫ −e−y

−1

1
3

dx =
1
3

(
2− e−y

)
+

1
3

(−e−y + 1
)

1 < e−y ≤ 2 ⇒ FY (y) =
∫ 2

e−y

1
3

dx +
∫ −e−y

−∞
0 dx =

1
3

(
2− e−y

)

e−y > 2 ⇒ FY (y) =
∫ ∞

e−y

0 dx +
∫ −e−y

−∞
0 dx = 0

Epomènwc, ja eÐnai:

FY (y) =





0 , y < − ln 2
2
3
− 1

3
e−y , − ln 2 ≤ y < 0

1− 2
3

e−y , y ≥ 0

Sunep¸c, ja èqoume:

fY (y) =
dFY (y)

dy
=





1
3

e−y , − ln 2 ≤ y < 0

2
3

e−y , y ≥ 0

0 alli¸c
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'Askhsh 4.

(a)

Sq ma 7: Grafik  par�stash twn y = 2− x kai y = 2 + x

To pedÐo tim¸n thc Y eÐnai to [0, 3].

(b) EÐnai:

E[Y ] = E[|X − Z|] =
∫ 4

−1

1
5
|x− 2| dx

=
∫ 2

−1

1
5

(2− x) dx +
∫ 4

2

1
5

(x− 2) dx

=
1
5

(
2x− x2

2

) ∣∣∣∣
2

−1

+
1
5

(
x2

2
− 2x

) ∣∣∣∣
4

2

= 1.3

(g) 'Eqoume ìti:

• y ≤ 0 , FY (y) = P (Y ≤ y) = 0

• y ≥ 3 , FY (y) = P (Y ≤ y) = 1

• 0 ≤ y ≤ 2,

FY (y) = P (Y ≤ y) = P (2− y ≤ X ≤ 2 + y)

=
1
5

[(2 + y)− (2− y)] = 0.4 y

• 2 ≤ y ≤ 3,

FY (y) = P (Y ≤ y) = P (2− y ≤ X ≤ 4)

=
1
5

[4− (2− y)] = 0.2 (2 + y)
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Sq ma 8: Grafik  par�stash thc fX(x)

Opìte èqoume:

FY (y) =





0 y ≤ 0
0.4 y 0 ≤ y ≤ 2
0.2 (2 + y) 2 ≤ y ≤ 3
1 y ≥ 3

Sunep¸c,

fY (y) =
dFY (y)

dy
=





0.4 0 ≤ y ≤ 2
0.2 2 ≤ y ≤ 3
0 alloÔ
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Sq ma 9: Grafik  par�stash thc fY (y)

'Askhsh 5. Gia na ekfr�soume ton ρX,2Y se sqèsh me ton ρX,Y , proqwr�me wc akoloÔjwc:

COV (X, 2Y ) = E ((X −EX) (2Y − E2Y ))
= 2E ((X − EX) (Y − EY )) = 2COV (X,Y )

σ2Y =
√

E (2Y −E2Y )2 =
√

4E (Y − EY )2 = 2σY

ρX,2Y =
COV (X, 2Y )

σX σ2Y
=

2COV (X, Y )
σX 2σY

=
COV (X, Y )

σX σY
= ρX,Y

En gènei, o suntelest c eterosusqètishc twn aX + b kai cY + d eÐnai ρX,Y an a > 0, b > 0 kai
c > 0, d > 0.


