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'Askhsh 1.

(a) 'Eqoume ìti: P (asqoleÐtai gia akrib¸c 2 ¸rec) = P{X = 2} = FX(2+)− FX(2−) = 1/4

(b) 'Eqoume ìti: P (asqoleÐtai gia p�nw apì 2 ¸rec) = P{X > 2} = 1− FX(2+) = 1/4

(g) 'Eqoume ìti: P (asqoleÐtai gia ligìtero apì 2 ¸rec) = P{X < 2} = FX(2−) = 1/2

(d) 'Eqoume ìti: P (asqoleÐtai gia akrib¸c 3 ¸rec) = P{X = 3} = FX(3+)− FX(3−) = 0

(e) 'Eqoume ìti: P (asqoleÐtai gia p�nw apì 1/2 kai ligìtero apì 3 ¸rec) = P{1/2 < X < 3} =
FX(3−)− FX((1/2)+) = 7/8− 3/16 = 11/16

(st) 'Eqoume ìti: P (asqoleÐtai gia p�nw apì 2 ¸rec dedomènou ìti sÐgoura asqoleÐtai) =

P{X > 2 | X > 0} =
P ({X > 2} ∩ {X > 0})

P ({X > 0}) =
P{X > 2}
P{X > 0} =

1− FX(2+)
1− FX(0+)

=
1
4
· 8
7

=
2
7

(z) H ajroistik  sun�rthsh katanom c, FX(u), faÐnetai sto sq ma 1. 'Opwc èqei suzhthjeÐ kai

Sq ma 1: H gr. par�stash thc FX(u)
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sthn t�xh, h mèsh tim  E[X] thc t.m. X ja isoÔtai to embadìn thc skiagrammènhc perioq c
metaxÔ thc FX(u) kai thc eujeÐac me Ôyoc Ðso me 1. Me qr sh stoiqei¸douc gewmetrÐac, h
zhtoÔmenh mèsh tim  ja isoÔtai me:
1× (7/8 + 6/8)/2 + 1/2 + (1/2)× (2)× (1/4) = 22/16 = 1, 375 ¸rec.

'Askhsh 2. 'Eqoume ìti:

fX(x) =
dFX

dx
(x) =

{
3a3x−4, an x ≥ a,

0, an x < a

EpÐshc, èqoume ìti:

E[X] =
∫ ∞

−∞
xfX(x)dx =

∫ ∞

a
x · 3a3x−4dx = 3a3

∫ ∞

a
x−3dx = 3a3

(
−1

2
x−2

)∣∣∣∣∣
∞

a

=
3a

2

'Epeita èqoume ìti:

E[X2] =
∫ ∞

−∞
x2fX(x)dx =

∫ ∞

a
x2 · 3a3x−4dx = 3a3

∫ ∞

a
x−2dx = 3a3

(−x−1
) ∣∣∣∣
∞

a

= 3a2

Epomènwc, h diaspor� ja isoÔtai me:

var(X) = E[X2]− (E[X])2 = 3a2 −
(

3a

2

)2

=
3a2

4

'Askhsh 3.

(a) EÐnai:

E[X] =
∫

x
xfX(x)dx =

∫ 1

0
xdx =

1
2

kai

P

(
X ≥ 1

2

)
=

∫ 1

1
2

fX(x)dx =
∫ 1

1
2

dx =
1
2

(b) 'Estw ìti A dhl¸nei to gegonìc {X ≥ t} kai èstw Y = X − t. Efìson den mporoÔme na
jèsoume Ôpo ìrouc èna gegonìc me mhdenik  pijanìthta, to pio logikì eÐnai na èqoume to
t < 1. Epiplèon, eÐnai bolikì na diaqwrÐsoume tic peript¸seic t ≤ 0 kai 0 < t < 1.

Gia t ≤ 0, to gegonìc A p�nta sumbaÐnei kai h Y eÐnai (upì ìrouc kai qwrÐc ìrouc)
katanemhmènh omoiìmorfa sto [−t,−t + 1].

Gia 0 < t < 1, to gegonìc A sumbaÐnei me pijanìthta 1− t kai èqoume ìti:

fX|A(x) =
fX(x)
P (A)

gia x ≥ t (kai 0 alli¸c)

=
1

1− t
gia t ≤ x ≤ 1 (kai 0 alli¸c)

Sunep¸c, upì th sunj kh A, h Y eÐnai katanemhmènh omoiìmorfa sto [0, 1− t].

(g) Xèroume ìti: E[X] =
1
λ
. Qrhsimopoi¸ntac th sun�rthsh puknìthtac pijanìthtac miac

ekjetik c tuqaÐac metablht c, gnwrÐzoume ìti: P (X ≥ α) = e−λα. Epomènwc, ja eÐnai ìti:
P (X ≥ E[X]) = e−λ 1

λ = e−1.
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(d) Qrhsimopoi¸ntac ton orismì twn upojetik¸n puknot twn kai posot twn pou èqoume  dh
upologÐsei, èqoume ìti:

fX|A(x) =





fX(x)
P (A)

, x ≥ t

0 , alli¸c
=





λe−λx

e−λt
, x ≥ t

0 , alli¸c
=

{
λe−λ(x−t) , x ≥ t

0 , alli¸c

Telik�, me antikat�stash, èqoume ìti:

fY |A(y) =

{
λe−λy , y ≥ 0
0 , alli¸c

Shmei¸ste ìti sthn ap�nthsh (d), h upojetik  puknìthta thc Y eÐnai panomoiìtuph me thn puknìthta
thc X. Autì onom�zetai � idiìthta thc ap¸leiac mn mhc � twn ekjetik¸n tuqaÐwn metablht¸n. Sthn
ap�nthsh (b), h upojetik  puknìthta thc Y eÐnai omoiìmorfh all� den eÐnai panomoiìtuph me thn
puknìthta thc X. Oi omoiìmorfec tuqaÐec metablhtèc den èqoun thn idiìthta thc ap¸leiac mn mhc.

'Askhsh 4. 'Estw X kai Y oi apost�seic twn bol¸n tou K¸sta kai thc MarÐac, antÐstoiqa. Oi
bolèc eÐnai anex�rthtec, opìte h koin  touc sun�rthsh puknìthtac pijanìthtac ja isoÔtai me:

fX,Y (x, y) = fX(x)fY (y) =





1
100

1
60

e−
y
60 , 0 ≤ X ≤ 100, Y ≥ 0

0, alli¸c

Ja èqoume:

(a)

P (X = 75) =
∫ 75

75

1
100

dx = 0

(b)

P (Y > 100) =
∫ ∞

100

1
60

e−
y
60 dy = e−

100
60 ≈ 0, 1889

(g) EÐnai: E[X] = 50, E[Y ] = 60.

(d) Jèloume na broÔme thn pijanìthta P (X > Y ) kai na thn sugkrÐnoume me thn pijanìthta
P (X < Y ). Gia na to k�noume autì, exet�zoume to koinì deigmatikì q¸ro tou sq matoc 2.
Epomènwc, ja èqoume:

P (X > Y ) =
∫ 100

0

∫ x

0
fX,Y (x, y)dydx =

∫ 100

0

∫ x

0

1
100

1
60

e−
y
60 dydx ≈ 0, 5133

ParomoÐwc brÐskoume ìti: P (Y > X) = 1− P (X > Y ) ≈ 0, 4867. Apl¸c koit�zontac tic
anamenìmenec timèc twn anex�rthtwn tuqaÐwn metablht¸n, ja èlege kaneÐc ìti eÐnai pio
pijanì h MarÐa na rÐxei pio makri�. 'Omwc, telik� br kame ìti h pijanìthta ìti o K¸stac ja
rÐxei parap�nw eÐnai elafr¸c uyhlìterh.

(e) EÐnai: fY |X(y/75) = fY (y) diìti oi t.m. X kai Y eÐnai anex�rthtec.
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Sq ma 2: H pijanìthta P (X > Y )

(st) 'Estw W = Y −X. Pr¸ta, brÐskoume th koin  sun�rthsh katanom c thc W :

FW (w) = P (W ≤ w) = P (Y −X ≤ w) = P (Y ≤ X + w)

To gegonìc faÐnetai sto sq ma 3.

Gia −100 ≤ W ≤ 0 èqoume:

FW (w) =
∫ 100

−w

∫ x+w

0
fX,Y (x, y)dydx =

∫ 100

−w

∫ x+w

0

1
100

1
60

e−
y
60 dydx

=
1

100
(60 e−

1
60

(w+100) + w + 40)

Gia W ≥ 0 èqoume:

FW (w) =
∫ 100

0

∫ x+w

0
fX,Y (x, y)dydx =

∫ 100

0

∫ x+w

0

1
100

1
60

e−
y
60 dydx

=
3
5

e−
w
60 (e−

5
3 − 1) + 1

En tèlei, diaforÐzontac tic prohgoÔmenec exis¸seic paÐrnoume ìti:

fW (w) =
d

dw
FW (w) =





1
100

(1− e−
1
60

(w+100)), −100 ≤ w ≤ 0

1
100

e−
w
60 (1− e−

5
3 ), w ≥ 0

0, alli¸c
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Sq ma 3: 2 peript¸seic gia tic timèc thc FW (w)

'Askhsh 5. Pr¸ta, ja broÔme thn oriak  pijanìthta thc X kai thn upì proôpìjesh pijanìthta
thc Y . 'Eqoume ìti:

fX(x) =
∫ x

0
fX,Y (x, y)dy =

∫ x

0
Qx2ydy = Qx2

[
y2

2

]x

0

=
Qx4

2

Epomènwc, ja eÐnai:

fX(x) =





Qx4

2
, 0 ≤ x ≤ 10

0 , alli¸c

Gia thn upì proôpìjesh pijanìthta ja èqoume ìti:

fY |X(y | x) =
fX,Y (x, y)

fX(x)
=

2Qx2y

Qx4
=

2y

x2

 

fY |X(y | x) =





2y

x2
, 0 ≤ x ≤ 10, 0 ≤ y ≤ x

0 , alli¸c

'Estw A to gegonìc ìti h peiramatik  tim  thc X eÐnai 6, kai B to gegonìc ìti h peiramatik  tim 
thc X eÐnai 8. Tìte, ja eÐnai:

P (A) = P (B) =
1
2
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Sq ma 4: H gr. par�stash thc fX,Y (x, y)

T¸ra, gia na broÔme thn puknìthta thc Y , jètoume wc proôpìjesh ìti eÐte to gegonìc A eÐte
to B sumbaÐnei. 'Ara, ja p�roume:

fY (y) = fY |A(y | A)× P (A) + fY |B(y | B)× P (B) = fY |X(y | 6)× 1
2

+ fY |X(y | 8)× 1
2

'Omwc, apì to tÔpo tou fY |X(y | x) prokÔptei ìti:

fY |X(y | 6) =





y

18
, 0 ≤ y ≤ 6

0 , alli¸c

fY |X(y | 8) =





y

32
, 0 ≤ y ≤ 8

0 , alli¸c

Telik¸c, apì ta parap�nw prokÔptei ìti:

fY (y) =





25y

576
, 0 ≤ y ≤ 6

y

64
, 6 < y ≤ 8

0 , alli¸c

H grafik  par�stash thc fY (y) faÐnetai sto sq ma 5:
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Sq ma 5: H gr. par�stash thc fY (y)

'Askhsh 6. 'Estw ìti G dhl¸nei to gegonìc ìti o Gi¸rgoc èqei mia kal  hmèra kai èstw B to
gegonìc ìti o Gi¸rgoc èqei mia kak  mèra. Mac dÐdetai ìti: P (G) = P (B) = 0, 5. 'Estw ìti T
eÐnai o qrìnoc pou qrei�zetai ¸ste o Gi¸rgoc na mageirèyei èna souflè ètsi ¸ste h fT |G na eÐnai
omoiìmorfh metaxÔ tou 1/2 kai tou 1 kai h fT |B na eÐnai omoiìmorfh metaxÔ tou 1/2 kai tou 3/2.
Prèpei na broÔme thn pijanìthta P (B | T ≤ 3/4). Qrhsimopoi¸ntac to kanìna tou Bayes èqoume:

P (B | T ≤ 3/4) =
P (T ≤ 3/4 | B) P (B)

P (T ≤ 3/4)
=

P (T ≤ 3/4 | B) P (B)
P (T ≤ 3/4 | B) P (B) + P (T ≤ 3/4 | G) P (G)

Apotim¸ntac thn parap�nw èkfrash paÐrnoume:

P (B | T ≤ 3/4) =
(
1
4
)(

1
2
)

(
1
4
)(

1
2
) + (

1
2
)(

1
2
)

=
1
3


