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'Askhsh 1. 'Estw A to gegonìc ìti to deÐgma perilamb�nei toul�qiston èna elattwmatikì ex�r-
thma.

(a) 'Otan ta exart mata epilègontai me epan�jesh, h pijanìthta ìti to deÐgma perilamb�nei 0
elattwmatik� exart mata eÐnai Ðsh me:

P (Ac) =
(

N −K

N

)M

Epomènwc, h pijanìthta ìti to deÐgma perilamb�nei toul�qiston èna elattwmatikì ex�rthma
ja isoÔtai me:

P (A) = 1−
(

N −K

N

)M

(b) Se aut  thn perÐptwsh, ta exart mata epilègontai qwrÐc epan�jesh. An M > N −K, k�je
deÐgma megèjouc M perièqei toul�qiston èna elattwmatikì ex�rthma kai �ra ja èqoume:

P (A) = 1

Alli¸c, ja èqoume M <= N −K. Opìte, ja up�rqoun
(

N
M

)
trìpoi epilog c enìc deÐgmatoc

me M exart mata apì èna koutÐ twn N exarthm�twn. 'Omwc, up�rqoun
(
N−K

M

)
trìpoi

epilog c enìc deÐgmatoc me M exart mata apì èna sÔnolo apì N −K mh elattwmatik�
exart mata. Epomènwc, h pijanìthta ìti to deÐgma perilamb�nei 0 elattwmatik� exart mata
ja eÐnai:

P (Ac) =

(
N−K

M

)
(

N
M

)

Sunep¸c, ja èqoume:

P (A) = 1−
(
N−K

M

)
(

N
M

)

'Askhsh 2.

(a) Up�rqei èna sÔnolo apì
(
52
13

)
isopÐjana moir�smata pou o pr¸toc paÐkthc mporeÐ na p�rei.

Mìno èna apì aut� ta moir�smata apoteleÐtai apì qarti� pou eÐnai ìla spaji�. Epomènwc, h

pijanìthta ìla ta qarti� tou pr¸tou paÐkth na eÐnai spaji� ja eÐnai Ðsh me:
1(
52
13

)

(b) Ta tèssera gegonìta: {ìla ta qarti� tou pr¸tou paÐkth eÐnai spaji�, ìla ta qarti� tou
deÔterou paÐkth eÐnai spaji�, ìla ta qarti� tou trÐtou paÐkth eÐnai spaji�, ìla ta qarti�
tou tètartou paÐkth eÐnai spaji� eÐnai} eÐnai xèna metaxÔ touc. Epomènwc, mporoÔme na
prosjèsoume thn pijanìthta tou kajenìc gia na p�roume to telikì apotèlesma. K�je

gegonìc èqei pijanìthta
1(
52
13

), opìte to telikì apotèlesma ja eÐnai:
4(
52
13

)
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(g) Ta gegonìta A kai B den eÐnai anex�rthta. An gnwrÐzoume to gegonìc B, dhlad  ìti o
pr¸toc paÐkthc èqei p�rei r ga-koÔpa, tìte xèroume ìti o pr¸toc paÐkthc den mporeÐ na
p�rei kai ta 13 spaji�. Me �lla lìgia, h pijanìthta tou A dedomènou tou B eÐnai:

P (A | B) = 0 kai den eÐnai Ðsh me thn pijanìthta tou A: P (A) =
1(
52
13

). Epiplèon, ta

gegonìta A kai B eÐnai xèna metaxÔ touc. En gènei, ìtan dÔo gegonìta mh mhdenik c
pijanìthtac eÐnai xèna metaxÔ touc, tìte den mporoÔn na eÐnai anex�rthta.

(d) MporoÔme na deÐxoume ìti ta dÔo gegonìta eÐnai anex�rthta apodeiknÔontac ìti:
P (B | A) = P (B). Shmei¸ste ìti: P (B | A) = 1/4 afoÔ dedomènou ìti o pr¸toc paÐkthc
èqei ìla ta 13 qarti� tou Ðdiou sq matoc, autì to sq ma ja eÐnai: eÐte koÔpa, eÐte spajÐ,
eÐte mpastoÔni eÐte karì. K�je sq ma eÐnai isopÐjano me pijanìthta: 1/4 kai �ra o pr¸toc
paÐkthc ja èqei p�rei to r ga-koÔpa me pijanìthta 1/4. Epomènwc, eÐnai: P (B | A) = P (B)
kai sumperaÐnoume ìti ta dÔo gegonìta eÐnai anex�rthta. EpÐshc, shmei¸ste ìti ta gegonìta
den eÐnai xèna metaxÔ touc afoÔ h tom  touc den eÐnai ken  � eÐnai to gegonìc ìti o pr¸toc
paÐkthc paÐrnei ìlec tic koÔpec.

'Askhsh 3. OrÐzoume ta akìlouja gegonìta:

A = Dokim�same 20 kal� autokÐnhta apì sÔnolo 100, K apì ta opoÐa eÐnai elattwmatik�
K = O arijmìc twn autokin twn pou eÐnai elattwmatik�, o opoÐoc gnwrÐzoume ìti paÐrnei

timèc apì to sÔnolo{0, 1, . . . , 9}

H �skhsh zht�ei na brejeÐ h pijanìthta P (K = 0 | A). Qrhsimopoi¸ntac ton kanìna tou Bayes’
prokÔptei h akìloujh isìthta:

P (K = 0 | A) =
P (A | K = 0)P (K = 0)∑9
i=0 P (A | K = i)P (K = i)

H P (A | K = i) eÐnai h pijanìthta na dokim�soume 20 kal� autokÐnhta dedomènou ìti up�rqoun i
elattwmatik�, h opoÐa eÐnai Ðsh me:

P (A | K = i) =

(
i
0

)(
100−i

20

)
(
100
20

) =
(100− i)!80!
(80− i)!100!

Efìson eÐnai P (K = i) = 0.1 gia k�je i kai P (A | K = 0) = 1, ja èqoume telik� ìti:

P (K = 0 | A) =
1∑9

i=0 P (A | K = i)

'Askhsh 4. 'Estw X o arijmìc twn kefal¸n pou prokÔptoun apì tic 4 rÐyeic tou nomÐsmatoc.
H X ja eÐnai mia duwnumik  tuqaÐa metablht , h opoÐa ja èqei sun�rthsh puknìthtac pijanìthtac
Ðsh me:

pX(k) =
(

4
k

)
pk(1− p)4−k, k = 0, 1, 2, 3, 4

Shmei¸ste ìti aut  h sun�rthsh puknìthtac pijanìthtac anaparist� th σ.π.π gia ton arijmì twn
eur¸ pou o Andrèac kerdÐzei an akolouj sei thn epilog  (a).
H mèsh tim  miac duwnumik c tuqaÐac metablht c isoÔtai me np, ìpou n eÐnai o arijmìc twn prospa-
jei¸n kai p eÐnai h pijanìthta epituqÐac. Epomènwc, èqoume ìti:

E[X] = 1.6
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T¸ra orÐzoume thn nèa tuqaÐa metablht  Y , h opoÐa anaparist� twn arijmì twn eur¸ pou o
Andrèac ja kerdÐsei an akolouj sei thn epilog  (b). Ja isqÔei ìti:

Y = X2 − 1.5X

Tìte ja èqoume:

E[Y ] = E[X2 − 1.5X] = E[X2]− 1.5E[X] = np(1− p) + (np)2 − 1.5(np) = 1.12

Epeid  eÐnai E[X] > E[Y ], profan¸c h epilog  (a) ja eÐnai pio epikerd c gia ton Andrèa.

ShmeÐwsh: Up�rqei mia pio epÐponh lÔsh gia thn �skhsh, upologÐzontac ìlec tic timèc thc
σ.π.π thc X gia ìla tic timèc tou x kai èpeita brÐskontac th σ.π.π thc Y . To k�noume autì gia na
deÐxoume ìti paÐrnoume to Ðdio apotèlesma. Met� ton upologismì ja èqoume:

pX(0) = 0.1296; pX(1) = 0.3456; pX(2) = 0.3456; pX(3) = 0.1536; pX(4) = 0.0256
pY (0) = 0.1296; pY (−0.5) = 0.3456; pY (1) = 0.3456; pY (4.5) = 0.1536; pY (10) = 0.0256

UpologÐzontac tic mèsec timèc twn X, Y prokÔptei kai p�li ìti:

E[X] = 1.6 > E[Y ] = 1.12

'Askhsh 5. Exet�zontac to summetrikì duadikì thlepikoinwniakì kan�li, parathroÔme ìti h
pijanìthta na gÐnei èna aplì l�joc met�doshc gia opoiad pote sÔmbolo eÐnai: p = 0.2 anex�rthta
an to sÔmbolo  tan 0   1. Me b�sh aut  thn parat rhsh, shmei¸noume ìti h tuqaÐa metablht  R
eÐnai duwnumik  t.m me n = 40, p = 0.2.

Sq ma 1: Dendrik  anapar�stash �skhshc 5
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(a) H sun�rthsh pijanìthtac thc R ja eÐnai:

PR(e0) =
(

40
e0

)
(0.2)e0(0.8)40−e0

(b) H pijanìthta swst c met�doshc toul�qiston 38 sumbìlwn ja isoÔtai me:

P (e0 < 3) = P (e0 = 2) + P (e0 = 1) + P (e0 = 0)

=
(

40
2

)
(0.2)2(0.8)38 +

(
40
1

)
(0.2)(0.8)39 +

(
40
0

)
(0.8)40

= 0.00794

(g) Se èna leptì, 6× 107 sÔmbola ja èqoun metadojeÐ kai ja èqoume ìti:
P (toul�qiston èna l�joc) = P (e0 > 0). Sunep¸c, ja eÐnai:

P (e0 > 0) = 1− P (e0 = 0)

= 1−
(

n

0

)
(1− p)n−0

= 1−
(

6× 107

0

)
(1− 5× 10−8)6×107−0

= 1− 0.0498 = 0.95022

'Askhsh 6. Prèpei na shmei¸soume ìti oi sunart seic olik c pijanìthtac twn L1 kai L2 eÐnai oi
Ðdiec. H pijanìthta h om�da tou Ergotèlh na q�sei l1 forèc prin apì mia nik  isoÔtai me:

(1− p)l1p

Epomènwc, ja èqoume:
pL1(l1) = (1− p)l1p gia l1 = 0, 1, 2, . . .

kai
pL2(l2) = (1− p)l2p gia l2 = 0, 1, 2, . . .

Efìson oi L1 kai L2 eÐnai anex�rthtec tuqaÐec metablhtèc, h koin  sun�rthsh tou olik c pijanì-
thtac mporeÐ na ekfrasteÐ wc ex c:

pL1,L2 = pL1(l1)pL2(l2) = (1− p)l1+l2p2 gia l1, l2 = 0, 1, 2, . . .

'Askhsh 7.

(a) Apì thn koin  σ.π., up�rqoun 6 zeug�ria suntetagmènwn (x, y) me mh mhdenik  pijanìthta
emf�nishc. Aut� ta zeug�ria eÐnai ta: (1, 1), (1, 3), (2, 1), (2, 3), (4, 1) kai (4, 3). H
pijanìthta enìc zeugarioÔ eÐnai an�logh tou ginomènou twn x kai y suntetagmènwn tou
zeugarioÔ. Epeid  h pijanìthta olìklhrou tou deigmatikoÔ q¸rou prèpei na eÐnai Ðsh me 1,
ja prèpei:

(1 · 1)c + (1 · 3)c + (2 · 1)c + (2 · 3)c + (4 · 1)c + (4 · 3)c = 1

LÔnontac wc proc c paÐrnoume: c =
1
28

(b) Up�rqoun 3 deigmatik� shmeÐa gia ta opoÐa y < x. Opìte h zhtoÔmenh pijanìthta ja
isoÔtai me:

P (Y < X) = P ({(2, 1)}) + P ({(4, 1)}) + P ({(4, 3)}) =
2 · 1
28

+
4 · 1
28

+
4 · 3
28

=
18
28
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(g) Up�rqoun 2 deigmatik� shmeÐa gia ta opoÐa y > x. Opìte h zhtoÔmenh pijanìthta ja
isoÔtai me:

P (Y > X) = P ({(1, 3)}) + P ({(2, 3)}) =
1 · 3
28

+
2 · 3
28

=
9
28

(d) Up�rqei 1 deigmatikì shmeÐo gia to opoÐo y = x. Opìte h zhtoÔmenh pijanìthta ja isoÔtai
me:

P (Y = X) = P ({(1, 1)}) =
1 · 1
28

=
1
28

Parathr ste ìti, qrhsimopoi¸ntac ta dÔo parap�nw mèrh thc �skhshc, prokÔptei h
anamenìmenh isìthta:

P (Y < X) + P (Y > X) + P (Y = X) =
18
28

+
9
28

+
1
28

= 1

(e) Up�rqoun 3 deigmatik� shmeÐa gia ta opoÐa y = 3. Opìte h zhtoÔmenh pijanìthta ja
isoÔtai me:

P (Y = 3) = P ({(1, 3)}) + P ({(2, 3)}) + P ({(4, 3)}) =
1 · 3
28

+
2 · 3
28

+
4 · 3
28

=
21
28

(st) Genik�, gia dÔo diakritèc tuqaÐec metablhtèc X kai Y gia tic opoÐec èqei oristeÐ koin 
sun�rthsh pijanìthtac, èqoume:

pX(x) =
∞∑

y=−∞
pX,Y (x, y) kai pY (y) =

∞∑
x=−∞

pX,Y (x, y)

Se autì to prìblhma, o arijmìc twn (X, Y ) zeugari¸n eÐnai arket� mikrìc, opìte mporoÔme
na prosdiorÐsoume tic (oriakèc) σ.π. me aparÐjmhsh. Gia par�deigma,

pX(2) = P ({(2, 1)}) + P ({(2, 3)}) =
8
28

Sunolik�, ja èqoume:

pX(x) =





4/28 , x = 1;
8/28 , x = 2;
16/28 , x = 4;
0 , alli¸c

=





1/7 , x = 1;
2/27 , x = 2;
4/27 , x = 4;
0 , alli¸c

kai

pY (y) =





7/28 , y = 1;
21/28 , y = 3;
0 , alli¸c

=





1/4 , y = 1;
3/4 , y = 3;
0 , alli¸c
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(z) Genik�, h anamenìmenh tim  opoiasd pote diakrit c tuqaÐac metablht c X dÐnetai apì ton
akìloujo tÔpo:

E[X] =
∞∑

x=−∞
xpX(x)

Gia autì to prìblhma, ja èqoume:

E[X] = 1 · 1
7

+ 2 · 2
7

+ 4 · 4
7

= 3

kai

E[Y ] = 1 · 1
4

+ 3 · 3
4

=
5
2

(h) H diaspor� miac tuqaÐac metablht c X mporeÐ na upologisjeÐ wc E[X2]− E[X]2   wc
E[(X − E[X])2]. Qrhsimopoi¸ntac th deÔterh mèjodo prokÔptei ìti:

var(X) = (1− 3)2 · 1
7

+ (2− 3)2 · 2
7

+ (4− 3)2 · 4
7

=
10
7

kai

var(Y ) = (1− 5
2
)2 · 1

4
+ (3− 5

2
)2 · 3

4
=

9
16

+
3
16

=
3
4


