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Jèma 1

(a) IsqÔei ìti:

P (A ∪B) = P (A) + P (B)− P (A ∩B)
= P (A) + P (B)− P (A | B) · P (B)

⇒ P (B) =
P (A ∪B)− P (A)

1− P (A | B)
=

4/5− 3/5
1− 1/2

=
2
5

(b)

P (C | A ∪B) =
P

(
C ∩ (A ∪B)

)
P (A ∪B)

=
P

(
(C ∩A) ∪ (C ∩B)

)
P (A ∪B)

Ta A kai B eÐnai xèna metaxÔ touc kai sunep¸c kai ta C ∩A kai C ∩B eÐnai xèna metaxÔ
touc. Epomènwc,

P (A ∪B) = P (A) + P (B)

kai
P

(
(C ∩A) ∪ (C ∩B)

)
= P (C ∩A) + P (C ∩B)

'Ara,

P (C | A ∪B) =
P (C ∩A) + P (C ∩B)

P (A) + P (B)

All�,
P (C ∩A) = P (C | A) · P (A)

kai
P (C ∩B) = P (C | B) · P (B)

EpÐshc,
P (A) = 2 P (B)

Sunep¸c,

P (C | A ∪B) =
P (C | A) · 2 P (B) + P (C | B) · P (B)

2 P (B) + P (B)
=

3
7
· 2 +

2
7

2 + 1
=

8
21
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Jèma 2

OrÐzoume ta ex c gegonìta:

T = {o Qr stoc prolabaÐnei to trèno}
R = {o Qr stoc p�ei gia trèximo}

Rc = {o Qr stoc den p�ei gia trèximo}
B = {o Qr stoc paÐrnei to lewforeÐo}

(a)

•T

•R

P (T |R)=2/5 {{{{{{{{

P (B|R)=3/5

CC
CC

CC
CC

•

P (R)=2/5 ~~~~~~~~

P (Rc)=3/5 @@
@@

@@
@@ •B

•Rc

P (T |Rc)=1/2

CC
CC

CC
CC

P (B|Rc)=1/2

{{{{{{{{

•T

(b)

P (T ) = P (T | R) · P (R) + P (T | Rc) · P (Rc)
= 2/5 · 2/5 + 1/2 · 3/5 = 23/50

(g)

P (R | T ) =
P (T | R) · P (R)

P (T )
=

2/5 · 2/5
23/50

=
8
23

(d) 'Estw NT h t.m. pou perigr�fei pìsec forèc o Qr stoc prolabaÐnei to trèno stic 5
erg�simec mèrec. Profan¸c, h NT eÐnai diwnumik  t.m. me paramètrouc (5, 23/50), ìpou
P (T ) = 23/50 eÐnai h pijanìthta o Qr stoc na prol�bei to trèno èna tuqaÐo prwinì.
Epomènwc,

P (NT = 2) =
(

5
2

) (
23
50

)2 (
27
50

)3

(e)

E[NT ] = p · n =
23
50

· 5 =
23
10
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Jèma 3

(a)

E[X] = 8 · 1
2

= 4

(b) H t.m. Y gÐnetai 0 ìtan h t.m. X paÐrnei tic timèc X = 1, 2, 3, 4,   5 kaj¸c kanènac epib�thc
den mènei pÐsw. H t.m. Y paÐrnei tic timèc 1, 2, 3 ìtan h t.m. X paÐrnei tic timèc X = 6, 7, 8
antÐstoiqa, kaj¸c X − 5 eÐnai o arijmìc twn epibat¸n pou mènoun pÐsw. H diwnumik  t.m. X
paÐrnei tic timèc 6, 7, 8 me pijanìthtec:(

8
6

)
(1/2)8 ,

(
8
7

)
(1/2)8 kai

(
8
8

)
(1/2)8 antÐstoiqa.

Epomènwc,

PY (y) =


219/256, y = 0
28/256, y = 1
8/256, y = 2
1/256, y = 3

Sunep¸c,

E[Y ] =
0 · 219 + 1 · 28 + 2 · 8 + 3 · 1

256
=

47
256

Jèma 4

(a)

Y

3−

OO

1/8
•

1/16
•

1/32
•

1/64
•

1/128
•

1/256
• · · ·

2− 1/4
•

1/8
•

1/16
•

1/32
•

1/64
•

1/128
• · · ·

1− 1/8
•

1/16
•

1/32
•

1/64
•

1/128
•

1/256
• · · ·

|
1

|
2

|
3

|
4

|
5

|
6
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EÐnai:

• 0 < PX,Y (x, y) < 1, ∀(x, y)

• kai

+∞∑
x=1

3∑
y=1

PX,Y (x, y) =
+∞∑
x=1

1
4

(
1
2

)x +
+∞∑
x=1

1
2

(
1
2

)x +
+∞∑
x=1

1
4

(
1
2

)x

=
1
4

1/2
1− 1/2

+
1
2

1/2
1− 1/2

+
1
4

1/2
1− 1/2

=
1
4
· 1 +

1
2
· 1 +

1
4
· 1 = 1

Sunep¸c, h PX,Y (x, y) eÐnai mia ègkurh sun�rthsh pijanìthtac.

(b) IsqÔoun ta ex c:

PX (x) =
3∑

y=1

PX,Y (x, y) =
1
4

(
1
2

)x

+
1
2

(
1
2

)x

+
1
4

(
1
2

)x

=
(

1
2

)x

, x = 1, 2, 3, . . .

PY (y) =
+∞∑
x=1

PX,Y (x, y) =


+∞∑
x=1

1
4

(
1
2

)x
, y = 1, 3

+∞∑
x=1

1
2

(
1
2

)x
, y = 2

⇒ PY (y) =

{
1
4

1/2
1−1/2 , y = 1, 3

1
2

1/2
1−1/2 , y = 2

=

{
1/4, y = 1, 3
1/2, y = 2

Blèpoume ìti: PX,Y (x, y) = PX (x) · PY (y) kai sunep¸c oi t.m. X, Y eÐnai anex�rthtec.

(g) H gewmetrik  katanom  èqei sun�rthsh pijanìthtac :

PX (k) = (1− p)k−1 · p, k = 1, 2, 3, . . .

'Ara, eÐnai profanèc ìti h t.m. X tou probl matoc eÐnai gewmetrik  me par�metro p = 1/2.
Epomènwc, E[X] = 1

p = 2, var (X) = 1−p
p2 = 1−1/2

1/4 = 2.

(d) Qrei�zetai pr¸ta na upologÐsoume tic E[Y ], E[Y 2], E[Y 4].
Opìte ja èqoume:

E[Y ] = 11 · 1
4

+ 31 · 1
4

+ 21 · 1
2

= 2

E[Y 2] = 12 · 1
4

+ 32 · 1
4

+ 22 · 1
2

=
9
2

E[Y 4] = 14 · 1
4

+ 34 · 1
4

+ 24 · 1
2

=
57
2
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En tèlei ja èqoume:

E[Z] = E[2X + Y 2] = 2 E[X] + E[Y 2] = 2 · 2 +
9
2

=
17
2

kai

var(Z) = var(2X + Y 2) = var(2X) + var(Y 2) (Q,U anex�rthtec)

= 4 · var(X) + var(Y 2)
= 4 · var(X) + E[Y 4]− E2[Y 2]

= 4 · 2 +
57
2
− 81

4
=

65
4

(e) 'Eqoume:

PZ|X (z|X = 1) = P ({Z = z}|{X = 1}) = P
(
{2X + Y 2 = z}|{X = 1}

)
= P

(
{2 + Y 2 = z}

)
=

{
1/4, z = 3, 11
1/2, z = 6

afoÔ h t.m. Y paÐrnei tic timèc 1, 3, 2 me pijanìthtec 1/4, 1/4, 1/2 antÐstoiqa.


