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Jèma 1

(a) H sun�rthsh pijanìthtac thc omoiìmorfhc t.m. X eÐnai:

PX(k) =
1
4
, k = 1, 2, 3, 4.

E[X] =
4∑

k=1

1
4
· k =

1 + 2 + 3 + 4
4

=
5
2

var (X) = E[X2]− (E[X])2 =
12 + 22 + 33 + 42

4
−

(
5
2

)2

=
5
4

(b) 'Eqoume ìti:

PN,X(n, k) = PN |X (n | k) · PX(k) =
1
4k

, k = 1, 2, 3, 4; n = 1, . . . , k.

PN,X(n, k) =

n� k 1 2 3 4
1 1/4 1/8 1/12 1/16
2 − 1/8 1/12 1/16
3 − − 1/12 1/16
4 − − − 1/16

(g) EÐnai:

PN (n) =
4∑

k=n

PN,X(n, k) =
4∑

k=n

1
4k

=





1
4 + 1

8 + 1
12 + 1

16 = 25
48 , n = 1

1
8 + 1

12 + 1
16 = 13

48 , n = 2
1
12 + 1

16 = 7
48 , n = 3

1
16 , n = 4

(d) EÐnai:

E[N ] =
4∑

n=1

n · PN (n) = . . . = 1.75

kai

var(N) = E[N2]− (E[N ])2 =
4∑

n=1

n2 · PN (n)− 1.752 = 0.854
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(e) H desmeumènh sun�rthsh pijanìthtac thc t.m. X dedomènou ìti N = 2 ja isoÔtai me:

PX|N (k | n = 2) =
PN |X(2 | k) · PX(k)

PN (2)
=

1
4k

13/48
=

=
12
13k

, k = 2, 3, 4.

Jèma 2

(i) L�joc. EÐnai: E[X2] = σ2 − (E[X])2 6= σ2 − (E[Y ])2 = E[Y 2], afoÔ sth genik  perÐptwsh
eÐnai E[X] 6= E[Y ].

(ii) L�joc. EÐnai:

var(X + Y ) = var(X) + var(Y ) + 2cov(X, Y )
= 2σ2 + 2cov(X,Y ) 6= 2σ2

ìtan oi X,Y eÐnai susqetismènec.

(iii) L�joc. EÐnai: var(X − Y ) = var(X) + var(Y )− 2cov(X, Y ) 6= 0.

(iv) Swstì. EÐnai: var(X + Y ) + var(X − Y ) = 2σ2 + 2cov(X, Y ) + 2σ2 − 2cov(X, Y ) = 4σ2.

(v) Swstì. EÐnai:

var(2X + 3Y ) = var(2X) + var(3Y ) + 2cov(2X, 3Y )
= 4σ2 + 9σ2 + 2 · 2 · 3 cov(X,Y )
= 9σ2 + 4σ2 + 2 · 3 · 2 cov(X,Y )
= var(3X + 2Y )

(vi) Swstì. ProkÔptei �mesa apì tic sqèseic sta (ii) kai (iii):

var(X + Y ) = 2σ2 + 2cov(X, Y )≥ 0 ⇒ cov(X, Y ) ≥ −σ2

var(X − Y ) = 2σ2 − 2cov(X, Y )≥ 0 ⇒ cov(X, Y ) ≤ σ2

}
|cov(X,Y )| ≤ σ

(vii) Swstì. Dedomènou ìti
var(2X) = 4σ2

kai ìti
var(X + Y ) + var(X − Y ) = 4σ2 apì to (iv)

èqoume:

var[(X + Y ) + (X − Y )] = var(X + Y ) + var(X − Y )− 2cov(X + Y, X − Y )
⇒ 4σ2 = 4σ2 − 2cov(X + Y, X − Y )

⇒ cov(X + Y, X − Y ) = 0

.

(viii) L�joc.
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Jèma 3

(a) H pijanìthta ènac foitht c thc E� DhmotikoÔ na èqei to polÔ 600 drq. isoÔtai me:

P (X ≤ 600) = P

(
X − 500

100
≤ 600− 500

100

)
= P (Z ≤ 1) =

= Φ(1) = 0, 8413.

(b) K�noume qr sh thc diwnumik c katanom c:

P (Apì touc 3 majhtèc, ènac èqei > 600 kai dÔo èqoun ≤ 600) =

=
(

3
2

)
· (0, 8413)2 · (1− 0, 8413) = 0, 3370.

(g) IsqÔei ìti:

Sq =
q∑

i=1

Xi ⇒ Sq ∼ N(9 · 500, 9 · 1002) ⇒

⇒ Sq ∼ N(4.500, 3002)

'Ara, h zhtoÔmenh pijanìthta ja isoÔtai me:

P (Sq > 4.800) = P

(
Sq − 4.500

300
>

4.800− 4.500
300

)

= 1− Φ(1) = 0, 1587.

(d) 'Eqoume ìti:

W = X + Y ∼ N
(
500 + 600, 1002 + 1602

) ⇒
W ∼ N

(
1.100, (188, 68)2

)

'Ara h zhtoÔmenh pijanìthta ja isoÔtai me:

P (W < 1.188) = P

(
W − 1.100

188, 68
<

1.188− 1.100
188, 68

)
= Φ(0, 47) = 0, 6808.

Jèma 4

(a) IsqÔei ìti:
P (Ik = 1) = 0.92 · 0.92 · · · 0.92︸ ︷︷ ︸

20 forèc

= 0.920

'Ara, h mèsh tim  thc t.m. Ik ja isoÔtai me:

E[Ik] = 1 · P (Ik = 1) + 0 · P (Ik = 0) = 0.920
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(b) 'Estw X o arijmìc twn mhqan¸n pou den qrhsimopoi jhkan potè. Tìte ja èqoume:

X =
10∑

k=1

Ik ⇒ E[X] = E[
10∑

k=1

Ik] =
10∑

k=1

E[Ik]

=
10∑

k=1

0.920 = 1.216

Jèma 5

(a) Ja èqoume ìti:

P (Z > z) = P (Z > z | B = 0) · P (B = 0) + P (Z > z | B = 1) · P (B = 1)
= P (min{X1, X2} > z) · P (B = 0) + P (max{X1, X2} > z) · P (B = 1)
= P (X1 > z, X2 > z) · P (B = 0) + P (1− (X1 ≤ z, X2 ≤ z)) · P (B = 1)

=
1
2

eλ1 z · eλ2 z +
1
2

[
1−

(
1− eλ1 z

)
·
(
1− eλ2 z

)]

=
1
2

(
eλ1 z + eλ2 z

)
, z ≥ 0

(b) H sun�rthsh puknìthtac pijanìthtac, fZ(z), thc t.m. Z ja isoÔtai me:

fZ(z) =
d
dz

(
1− 1

2

(
e−λ1 z + e−λ2 z

))

=
1
2

(
λ1 e−λ1 z + λ2 e−λ2 z

)
, z ≥ 0


