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Jèma 1 Oi t.m. X kai Y eÐnai omoiìmorfa katanemhmènec sto di�sthma [0, 2]. Epomènwc:

fX(x) =

{
1/2 0 ≤ x ≤ 2
0 alloÔ

fY (y) =

{
1/2 0 ≤ y ≤ 2
0 alloÔ

EpÐshc, isqÔei ìti:

E[X] = E[Y ] =
0 + 2

2
= 1

kai
var(X) = var(Y ) =

(2− 0)2

12
= 13

(a) H perÐmetroc, Z, eÐnai Ðsh me: Z = 2X + 2Y . Epomènwc:

E[Z] = E[2X + 2Y ] = 2E[X] + 2E[Y ] = 4

kai

var(Z) = var(2X + 2Y ) = var(2X) + var(2Y ) [X,Y : anex�rthtec]
= 4var(X) + 4var(Y ) = 4/3 + 4/3 = 8/3

(b) H epif�neia, W , eÐnai Ðsh me: W = XY . Epomènwc, ja èqoume:

E[W ] = E[X] · E[Y ] [X, Y : anex�rthtec]
= 1

kai

var(XY ) = E[X2Y 2]− (E[XY ])2

= E[X2] · E[Y 2]− (E[XY ])2

= [var(X) + (E[X])2] · [var(Y ) + (E[Y ])2]− (E[XY ])2

=
(

1
3

+ 12

)
·
(

1
3

+ 12

)
− 12 =

7
9

(g) IsqÔei ìti:

P (XY > 1 | 2X + 2Y > 4) =
P (XY > 1 ∩ 2X + 2Y > 4)

P (2X + 2Y > 4)
=

P (B)
P (A)

H apì koinoÔ sun�rthsh puknìthtac pijanìthtac twn X,Y eÐnai omoiìmorfh kaj¸c

fX,Y (x, y) = fX(x) · fY (y) =

{
1/4 0 ≤ x, y ≤ 2
0 alloÔ

Sunep¸c, o ìgkoc p�nw apì thn perioq  pou orÐzetai apì tic eujeÐec x + y = 2, x = 2 kai
y = 2 (perioq  A sto sq ma) antiproswpeÔei thn pijanìthta P (2X + 2Y > 4). O ìgkoc
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p�nw apì thn perioq  B, pou kajorÐzetai apì tic xy = 1, y = 2, x = 2, antiproswpeÔei thn
pijanìthta P (XY > 1 | 2X + 2Y > 4). 'Eqoume ìti:

P (2X + 2Y > 4) =
∫ 2

0

∫ 2

2−x

1
4

dy dx =
∫ 2

0

y

4

∣∣∣
2

2−x
dx

=
∫ 2

0

x

4
dx =

x2

8

∣∣∣
2

0
= 1/2

kai

P (XY > 1 ∩ 2X + 2Y > 4) =
∫ 2

1/2

∫ 2

1/x

1
4

dy dx =
∫ 2

1/2

y

4

∣∣∣
2

1/x
dx

=
∫ 2

1/2

(
1
2
− 1

4x

)
dx =

(
x

2
− ln x

4

) ∣∣∣∣
2

1/2

= 1− ln 2
4
− 1

4
+

ln(1/2)
4

=
3
4
− ln 2

2

Sunep¸c

P (XY > 1 | 2X + 2Y > 4) =
3
4 − ln 2

2

1/2
≈ 0.807

Sq ma 1: prosp�jeia anapar�stashc thc P (XY > 1 | 2X + 2Y > 4)
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Jèma 2

(a) 'Eqoume ìti:

cov(X + Y, X − Y ) = cov(X, X) + cov(X,−Y ) + cov(Y, X) + cov(Y,−Y )
= var(X)− cov(X, Y ) + cov(X, Y )− var(Y )
= var(X)− var(Y ) = 0

kaj¸c oi X,Y èqoun thn Ðdia katanom .

(b) (i) EÐnai:

E[Zn] =
1√
2π

∫ +∞

−∞
zne−z2/2 dz = 0

kaj¸c apoteleÐ to olokl rwma thc peritt c sun�rthshc zn · e−z2/2 apì to −∞ sto
+∞. H zn · e−z2/2 eÐnai peritt  wc to ginìmeno thc peritt c zn me thn �rtia e−z2/2.

(ii) 'Eqoume:

cov
(
Z, Z2

)
= E[Z · Z2]−E[Z] · E[Z2]
= E[Z3]−E[Z] · E[Z2] = 0− 0 · E[Z2] = 0

(iii) EÐnai:

ρ (y, z) =
cov(Y, Z)√

σy
2 · σz

2

'Eqoume ìti:

σy
2 = var(a + bZ + cZ2) = var(bZ + cZ2)

= var(bZ) + var(cZ2) + 2 cov(bZ, cZ2)
= b2 var(Z) + c2 var(Z2) + 2 bc cov(Z, Z2)
= b2 · 1 + c2 · 2 + 2 bc · 0 = b2 + 2 c2

EpÐshc, eÐnai:

cov(Y,Z) = cov(a + bZ + cZ2, 2)
= cov(a, z) + cov(bz, z) + cov(cZ, Z2)
= 0 + b var(Z) + c cov(Z, Z2)
= 0 + b · 1 + c · 0 = b

'Ara, telik� ja èqoume:

ρ(y, z) =
b√

b2 + 2c2
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Jèma 3

OrÐzoume to gegonìc G = {o kairìc eÐnai kalìc}, to opoÐo èqei pijanìthta Ðsh me: P (G) = 2/3.

(a) Gia na broÔme thn σ.π.π thc t.m. X brÐskoume pr¸ta thn σ.π.π thc t.m. W afoÔ
X = Z + W . SÔmfwna me thn ekf¸nhsh kai qrhsimopoi¸ntac to J.O.P. èqoume:

fW (ω) = P (G) · fW |G(ω) + P (Gc) · fW |Gc(ω)

ìpou:
fW |G(ω) = N(0, 1) kai fW |Gc(ω) = N(0, 9)

'Ara:

fW (ω) =
2
3
· 1√

2π
e−w2/2 +

1
3
· 1√

2π 3
e−w2/18

Epomènwc, afoÔ X = Z + W , h σ.π.π thc X ja isoÔtai me:

fX(x) = fW (x− z) =
2
3
· 1√

2π
e−(x−z)2/2 +

1
3
· 1√

2π 3
e−(x−z)2/18

(b) Profan¸c, èqoume:

P (1 ≤ X ≤ 3) =
∫ 3

1
fX(x) dx

EÐnai polÔ pio eÔkolo, ìmwc, na �metafr�soume� to gegonìc 1 ≤ X ≤ 3 se èna gegonìc gia
thn t.m. W kai na efarmìsoume to J.O.P.:

P (1 ≤ X ≤ 3) = P (1 ≤ Z + W ≤ 3) = P (−1 ≤ W ≤ 1)
= P (G) · P (−1 ≤ W ≤ 1 | G)︸ ︷︷ ︸

α

+P (Gc) · P (−1 ≤ W ≤ 1 | Gc)︸ ︷︷ ︸
β

'Ara,

• 'Otan o kairìc eÐnai kalìc, W ∼ N(0, 1) kai epomènwc:

α = Φ(1)− Φ(−1) = 2Φ(1)− 1

• 'Otan o kairìc eÐnai kakìc, W ∼ N(0, 9) kai epomènwc:

β = P (
−1− 0

3
≤ W − 0

3
≤ 1− 0

3
) = Φ(

1
3
)− Φ(

−1
3

) = 2 Φ(
1
3
)− 1

Sunep¸c:

P (1 ≤ X ≤ 3) =
2
3
(2Φ(1)− 1) +

1
3
(2Φ(

1
3
)− 1)

Jèma 4

(a) EÐnai:

fX(x) =

{
e−x x ≥ 0
0 alloÔ

kai fY (y) =

{
e−y y ≥ 0
0 alloÔ

Epeid  oi X, Y eÐnai anex�rthtec t.m. ja èqoume:

fX,Y (x, y) = fX(x) · fY (y) =

{
e−(x+y) x, y ≥ 0
0 alloÔ

(b) 'Eqoume:

E[|X − Y |] =
∫ +∞

−∞

∫
|x− y| fXY (x, y) dy dx

= 2
∫ +∞

0

∫ x

0
(x− y)e−(x+y) dy dx

= 2 [−1
2

e−2x − x e−x]+∞x=0 = 1
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Jèma 5

(a)

Sq ma 2: Grafik  par�stash twn y = 2− x kai y = 2 + x

To pedÐo tim¸n thc Y eÐnai to [0, 3].

(b) EÐnai:

E[Y ] = E[|X − Z|] =
∫ 4

−1

1
5
|x− 2| dx

=
∫ 2

−1

1
5

(2− x) dx +
∫ 4

2

1
5

(x− 2) dx

=
1
5

(
2x− x2

2

) ∣∣∣∣
2

−1

+
1
5

(
x2

2
− 2x

) ∣∣∣∣
4

2

= 1.3

(g) 'Eqoume ìti:

• y ≤ 0 , FY (y) = P (Y ≤ y) = 0

• y ≥ 3 , FY (y) = P (Y ≤ y) = 1

• 0 ≤ y ≤ 2,

FY (y) = P (Y ≤ y) = P (2− y ≤ X ≤ 2 + y)

=
1
5

[(2 + y)− (2− y)] = 0.4 y

• 2 ≤ y ≤ 3,

FY (y) = P (Y ≤ y) = P (2− y ≤ X ≤ 4)

=
1
5

[4− (2− y)] = 0.2 (2 + y)
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Sq ma 3: Grafik  par�stash thc fX(x)

Opìte èqoume:

FY (y) =





0 y ≤ 0
0.4 y 0 ≤ y ≤ 2
0.2 (2 + y) 2 ≤ y ≤ 3
1 y ≥ 3

Sunep¸c,

fY (y) =
dFY (y)

dy
=





0.4 0 ≤ y ≤ 2
0.2 2 ≤ y ≤ 3
0 alloÔ
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Sq ma 4: Grafik  par�stash thc fY (y)


