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'Askhsh 1.

(a) Apì tic idiìthtec miac sun�rthshc puknìthtac pijanìthtac èqoume ìti:

1 =
∫ +∞

−∞
fX(u) du + c

∫ +∞

−∞
(6− u) du = 9c

'Ara, c = 1/9.

(b) Epeid  èqoume mia suneq  tuqaÐa metablht , ja isqÔei ìti: FX(a) =
∫ a
−∞ fX(u) du. Opìte

ja èqoume:

FX(a) =





0, a < 0
1
9

∫ a
0 u du = a2

18 , 0 ≤ a < 3
1
9

∫ 3
0 u du + 1

9

∫ a
3 (6− u) du = 1

2 − 1
18 (6− u)2

∣∣∣
a

3
= 1− (6−a)2

18 , 3 ≤ a < 6

1, a ≥ 6

H grafik  par�stash thc FX(u) faÐnetai sto sq ma 1

Sq ma 1: H grafik  par�stash thc FX(u)
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(g) EÐnai eÔkola antilhptì ìti h FX(u) eÐnai mh fjÐnousa kai ìti 0 ≤ FX(u) ≤ 1 gia k�je tim 
tou u, tìso apì to parap�nw sq ma ìso kai apì thn an�lush twn sunart sewn u2/18 kai
1− (6− u)2/18 sta diast mata [0, 3] kai [3, 6] antÐstoiqa. Epiplèon, isqÔei ìti:
FX(−∞) = FX(0) = 0 kai FX(+∞) = FX(6) = 1. Tèloc, eÐnai eÔkola antilhptì ìti h
FX(u) eÐnai suneq c pantoÔ, akìmh kai sta shmeÐa u = 0, u = 3 kai u = 6.

(d) 'Eqoume ìti:
P (A) = P (X > 3) = 1− FX(3) = 0.5

ParomoÐwc:

P (B) = P (1.5 ≤ X ≤ 9) = P (X ≤ 9)−P (X < 1.5) = FX(9)−FX(1.5−) = 1−0.125 = 0.875

(e) H tom  twn A kai B eÐnai to gegonìc {3 < X ≤ 9}. 'Ara,

P (AB) = P (3 < X ≤ 9) = P (X > 3) = 0.5 = P (A) 6= P (A) P (B)

Epomènwc, ta dÔo gegonìta den eÐnai anex�rthta.

'Askhsh 2.

'Estw ìti me X dhl¸noume ton epilegmèno arijmì. Tìte h X eÐnai mia suneq c tuqaÐa metablht ,
omoiìmorfa katanemhmènh sto di�sthma (0, 1). Ja èqoume:

(a) P (0.1 ≤ X < 0.2) = 0.2− 0.1 = 0.1.

(b) P (second digit = 2) =
9∑

k=0

P (0.k2 ≤ X < 0.k3) = 10 · 0.01 = 0.1.

(g) P (0.3 ≤ √
X < 0.4) = P (0.09 ≤ X < 0.16) = 0.07.

'Askhsh 3. 'Estw ìti me C dhl¸noume thn di�rkeia zw c enìc exart matoc kai me Φ thn sun�rthsh
kanonik c katanom c. 'Eqoume:

P{C < 1.8× 106} = Φ
(

1.8× 106 − 1.4× 106

3× 105

)

= Φ(1.33)
= 0.982

Epomènwc, an N eÐnai o arijmìc twn exarthm�twn me di�rkeia zw c mikrìterh apì 1.8× 106, tìte h
N eÐnai duwnumik  tuqaÐa metablht  me paramètrouc (100, 0.982). Sunep¸c,

P (N > 19.5) ≈ 1− φ

(
19.5− 90.82
90.82 · 0.0918

)
= 1− φ(−24.7) ≈ 1

'Askhsh 4.

'Estw ìti Z eÐnai h tuqaÐa metablht  kanonik c katanom c.

(a)

P

{
4∑

i=1

Xi > 0

}
= P





4∑
i=1

Xi − 6
√

24
>

−6√
24





≈ P (Z > −1.2247) ≈ 0.8897
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(b)

P

{
4∑

i=1

Xi > 0

∣∣∣∣∣
2∑

i=1

Xi = −5

}
= P{X3 + X4 > 5}

= P

{
X3 + X4 − 3√

12
> 2/

√
12

}

≈ P{Z > 0.5774} ≈ 0.2818

(g)

P

{
4∑

i=1

Xi > 0

∣∣∣∣∣Xi = 5

}
= P{X2 + X3 + X4 > −5}

= P

{
X2 + X3 + X4 − 4.5√

18
> −9.5/

√
18

}

≈ P{Z > −2.239} ≈ 0.9874

'Askhsh 5.

(a) Nai diìti eÐnai oi par�gontec thc apì koinoÔ sun�rthshc pijanìthtac.

(b) fX(x) = x
∫ 2
0 y dy = 2x, 0 < x < 1

(g) fY (y) = y
∫ 1
0 x dx = y/2, 0 < y < 2

(d)

P{X < x, Y < y} = P{X < x} · P{Y < y}
= min(1, x2) ·min(1, y2/4), x > 0, y > 0

(e) E[Y ] =
∫ 2
0 y2/2 dy = 4/3

(st)

P{X + Y < 1} =
∫ 1

0
x

∫ 1−x

0
y dy dx

=
1
2

∫ 1

0
x(1− x)2 dx = 1/24

'Askhsh 6.Efìson h X eÐnai mia suneq c tuqaÐa metablht , omoiìmorfa katanemhmènh sto di�-
sthma [0, 2], ja isqÔei ìti:

fX(x) =

{
1/2, 0 ≤ x ≤ 2,

0, alli¸c.

Apì ton orismì thc g(·) parathroÔme ìti h Y paÐrnei timèc mìno sto di�sthma [0, 1]. 'Ara, ja eÐnai
FY (y) = 0, y < 0, kai FY (y) = 1, y > 1. Gia 0 ≤ y ≤ 1, to gegonìc {Y = y} ekfr�zetai wc ex c:

{Y = y} = {2X ≤ y, 0 ≤ X ≤ 1/2}
⋃
{(2− 2X) < y, 1/2 ≤ X ≤ 1}

⋃
{0 ≤ y,X ≤ 1}

= {0 < X < y/2}
⋃
{(1− y/2) ≤ X ≤ 1}

⋃
{0 ≤ y, X ≤ 1}

Efìson ta gegonìta thc parap�nw exÐswshc eÐnai xèna metaxÔ touc, paÐrnoume ìti:

FX(y) = FX(y/2)− FX(0) + FX(1)− FX(1− y/2) + FX(2)− FX(1)
= 1/2(y/2− 0 + 1− 1 + y/2 + 1)
= (y + 1)/2, 0 ≤ y ≤ 1
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Sq ma 2: H grafik  par�stash thc Y = g(X)

Epomènwc,

FY (y) =





0, y < 0,
y+1
2 , 0 ≤ y < 1,

1, y ≥ 1.

H FY (y) parousi�zei èna �lma Ôyouc 1/2 sto y = 0, ìpwc faÐnetai sto sq ma 2, upodhl¸nontac thn
parousÐa miac sun�rthshc dèlta (δ(y)/2) sth sun�rthsh puknìthtac pijanìthtac. DiaforÐzontac
thn FY (y) paÐrnoume:

fY (y) =

{
1+δ(y)

2 , 0 ≤ y < 1,

0, alli¸c.

Enallaktik  mèjodoc: Sto di�sthma 0 < y < 1, h y = g(x) eÐnai mia diaforopoi simh
sun�rthsh tou x. Oi rÐzec gia thn y − g(x) se autì to di�sthma eÐnai: x1 = y/2, 0 ≤ x1 ≤ 1/2 kai
x2 = (1− y/2), 1/2 ≤ x2 ≤ 1. 'Ara, |dg/dxi| = 1/2, gia i = 1, 2 kai

fY (y) =
n∑

i=1

fX(xi)/|g′(xi)| me xi = xi(y), g′(xi) 6= 0

= fX(y/2) · 1/2 + fX(1− y/2) · 1/2
= 2 · 1/2 · 1/2 = 1/2, 0 < y < 1

en¸
P (Y = 0) = P (X > 1) = (2− 1)/(2− 0) = 1/2

Epomènwc, h Y eÐnai mia meikt  tuqaÐa metablht  me èna diakritì sustatikì mèroc gia Y = 0
en¸ qarakthrÐzetai apì mia suneq  puknìthta pijanìthtac gia Y 6= 0. Qrhsimopoi¸ntac dèlta
sunart seic, h sun�rthsh puknìthtac pijanìthtac gia thn Y mporeÐ na grafjeÐ wc:

fY (y) =

{
1/2 + δ(y)/2, 0 ≤ y < 1
0, alli¸c.
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Sq ma 3: H grafik  par�stash thc FY (y)

'Askhsh 7.

(a) Pr¸ta ja broÔme th sun�rthsh katanom c thc X:

FX(x) = P (X ≤ x) = P (U2 ≤ x)
= P (U ≤ √

x) =
√

x, x ∈ (0, 1]

DiaforÐzontac thn parap�nw exÐswsh wc proc x paÐrnoume:

fX(x) =
1
2
x−

1
2 , x ∈ (0, 1]

(b) H sun�rthsh katanom c thc Y eÐnai:

FY (y) = P (Y ≤ y) = P (U1/2 ≤ y)
= P (U ≤ y2) = y2, y ∈ (0, 1]

Epomènwc,
fY (y) = 2y, y ∈ (0, 1]

(g) H sun�rthsh katanom c thc Z eÐnai:

FZ(z) = P (Z ≤ z) = P (ln(U) ≤ z)
= P (U ≤ ez) = ez, z ≤ 0

Epomènwc,
fZ(z) = ez, z ≤ 0



Pijanìthtec - 2004/LÔseic 'Ekthc Seir�c Ask sewn 6

(d) H sun�rthsh katanom c thc V eÐnai:

FV (z) = P (V ≤ v) = P (aU + b ≤ v) = P (U ≤ ez)

=

{
P (U ≤ v−b

a ), a > 0
P (U ≥ v−b

a ), a < 0

=

{
v−b
a , a > 0, b < v ≤ a + b

1− v−b
a , a < 0, a + b ≤ v < b

Epomènwc,

fZ(z) =

{
1
a , a > 0, b < v ≤ a + b

− 1
a , a < 0, a + b ≤ v < b

(e) H sun�rthsh pijanìthtac thc W ja eÐnai:

PW (w) = P (W ≤ w | U ≥ 1
2
) P (U ≥ 1

2
) + P (W ≤ w | U <

1
2
) P (U <

1
2
)

=

{
1
2 , w = 3
1
2 , w = 1

Sq ma 4: h prosèggish thc gkaoussian c me N = 103
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'Askhsh 8.

(a) DiakrÐnoume 4 peript¸seic an�loga me thn tim  thc Y .

• Y > 10   Y < −10 tìte fY (y) = 0

• P (Y = −10) = P (X ≤ −10) = P
(

X−0
5 ≤ −10

5

)
= Φ(−2) = 1− Φ(2)

• P (Y = 10) = P (X ≥ 10) = P
(

X−0
5 ≥ 10

5

)
= 1− Φ(2)

• |Y | < 10 tìte fY (y) = fX(x)
∣∣
x=y

= 1
5
√

2π
e−

y2

50π

(b) H prosèggish thc σ.π.π thc Y me N = 103 kai N = 105 shmeÐa faÐnetai sta sq mata 4
kai 5 antÐstoiqa. Apì ìti parathroÔme kai apì ta diagr�mmata, ìso ligìtera shmeÐa èqoume,
tìso ligìtera shmeÐa pèftoun mèsa sta isapèqonta bins kai �ra tìso qeirìterh eÐnai h
mètrhsh thc sqetik c suqnìthtac kai h prosèggish thc σ.π.π thc tuqaÐac metablht c.

Sq ma 5: h prosèggish thc gkaoussian c me N = 105
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'Askhsh 9.

(a) AfoÔ Z = 2(X + Y )(X − Y ) = 2(X2 − Y 2), ja èqoume:

E[Z] = 2(E[X2]−E[Y 2]) = 2(V ar(X)− V ar(Y ) + E2[X]−E2[Y ]) = −40

(b) 'Eqoume ìti:

Cov(T, U) = Cov(2X + Y, 2X − Y )
= 4Cov(X, X)− 2Cov(X, Y ) + 2Cov(Y,X)− Cov(Y, Y )
= 4V ar(X)− V ar(Y ) = 7

(g) EÐnai:

E[W ] = E[3X + Y + 2] = 3E[X] + E[Y ] + 2 = 9
V ar(W ) = V ar(3X + Y + 2) = 9V ar(X) + V ar(Y ) + 6Cov(X,Y ) = 48.6

ìpou Cov(X, Y ) = ρ
√

V ar(X)V ar(Y ) = 3.6.

'Askhsh 10.To shmantikì shmeÐo eÐnai na parathr soume ìti oi X1, X2, · · · eÐnai tuqaÐec ane-
x�rthtec metablhtèc, kai epomènwc oi Yn kai Yn+k eÐnai epÐshc anex�rthtec an k ≥ 3. 'Ara,
Cov(Yn, Yn+k) = 0 an k ≥ 3. T¸ra gia k = 0 èqoume ìti:

Cov(Yn, Yn) = V ar(Yn) = V ar(Xn+Xn+1+Xn+2) = V ar(Xn)+V ar(Xn+1)+V ar(Xn+2) = 3σ2

ìpou èqoume qrhsimopoi sei thn anexarthsÐa twn Xn, Xn+1, Xn+2 akìmh mia for�. Gia k = 1
èqoume:

Cov(Yn, Yn+1) = Cov(Xn + Xn+1 + Xn+2, Xn+1 + Xn+2 + Xn+3)
= Cov(Xn, Xn+1 + Xn+2 + Xn+3) + Cov(Xn+1 + Xn+2, Xn+1 + Xn+2 + Xn+3)
= 0 + Cov(Xn+1 + Xn+2, Xn+1 + Xn+2) + Cov(Xn+1 + Xn+2, Xn+3)
= V ar(Xn+1 + Xn+2) + 0 = 2σ2

ìpou èqoume qrhsimopoi sei th digrammikìthta thc sun�rthshc ginomènou apìklishc sun th ane-
xarthsÐa twn Xn, Xn+1, Xn+2. Telik�, gia k = 2 èqoume:

Cov(Yn, Yn+2) = Cov(Xn + Xn+1 + Xn+2, Xn+2 + Xn+3 + Xn+4)
= Cov(Xn + Xn+1, Xn+2 + Xn+3 + Xn+4) + Cov(Xn+2, Xn+2 + Xn+3 + Xn+4)
= 0 + Cov(Xn+2, Xn+2) + Cov(Xn+2, Xn+3 + Xn+4)
= V ar(Xn+2) + 0 = σ2

ìpou h logik  eÐnai parìmoia me aut  thc perÐptwshc k = 1. Perilhptik�, èqoume ìti Con(Yn, Yn+k) =
(3− k)σ2 gia k = 0, 1, 2 kai Con(Yn, Yn+k) = 0 gia k ≥ 3.


