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'Askhsh 1.

(a) Upojètontac ìti to apotèlesma thc rÐyhc zarioÔ eÐnai X = x, o arijmìc twn kefal¸n, Y ,
se mia seir� apì x rÐyeic enìc amerìlhptou nomÐsmatoc ja eÐnai mia diwnumik  tuqaÐa
metablht . Sunep¸c,
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) (
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(
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,

ìpou 1 ≤ x ≤ 4 kai 0 ≤ y ≤ x, afoÔ o arijmìc twn kefal¸n den mporeÐ na uperbaÐnei ton
arijmì twn rÐyewn tou nomÐsmatoc.
Parousi�zoume thn parap�nw pijanìthta me thn bo jeia tou parak�tw pÐnaka:

X/Y 0 1 2 3 4
1 1/2 1/2 � � �
2 1/4 1/2 1/4 � �
3 1/8 3/8 3/8 1/8 �
4 1/16 1/4 3/8 1/4 1/16

(b) H koin  sun�rthsh pijanìthtac twn t.m. X kai Y mporeÐ na eurejeÐ shmei¸nontac ìti:

pX (x) =
1
4
, 1 ≤ x ≤ 4

kai me thn qrhsimopoÐhsh tou kanìna thc alusÐdac. Epomènwc,

pX,Y (x, y) = pY |X (y | x) · pX (x)

=
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,

ìpou 1 ≤ x ≤ 4 kai 0 ≤ y ≤ x. H parap�nw zhtoÔmenh pijanìthta gr�fetai kai se morf 
pÐnaka wc ex c:

X/Y 0 1 2 3 4
1 1/8 1/8 � � �
2 1/16 1/8 1/16 � �
3 1/32 3/32 3/32 1/32 �
4 1/64 1/16 3/32 1/16 1/64
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(g) Gia thn oriak  sun�rthsh pijanìthtac thc t.m. Y xèroume ìti:

pY (y) =
∑

x

pX,Y (x, y)

Prèpei na prosèxoume ta ìria tou parap�nw ajroÐsmatoc wc proc to x. Y = y eÐnai o
arijmìc twn kefal¸n se mia seir� apì X = x rÐyeic nomism�twn. Opìte ja prèpei na eÐnai
x ≥ y. Sthn eidik  perÐptwsh pou to y = 0, to x mporeÐ na p�rei timèc apì to sÔnolo
{1, 2, 3, 4}. Epomènwc, h sun�rthsh pijanìthtac thc t.m. Y mporeÐ na grafjeÐ se mia pio
sumpag c morf  wc ex c:

pY (y) =
4∑

x=max(y,1)

pX,Y (x, y)

To prohgoÔmeno �jroisma mporeÐ na metafrasteÐ stic akìloujec exis¸seic:

pY (0) = pX,Y (1, 0) + pX,Y (2, 0) + pX,Y (3, 0) + pX,Y (4, 0),
pY (1) = pX,Y (1, 1) + pX,Y (2, 1) + pX,Y (3, 1) + pX,Y (4, 1),
pY (2) = pX,Y (2, 2) + pX,Y (3, 2) + pX,Y (4, 2),
pY (3) = pX,Y (3, 3) + pX,Y (4, 3),
pY (4) = pX,Y (4, 4).

T¸ra mporoÔme na upologÐsoume tic parap�nw timèc qrhsimopoi¸ntac ton pÐnaka apì to
mèroc (b) thc �skhshc. BrÐskoume, loipìn, ìti:

pY (y) =



15
64 , y = 0
13
32 , y = 1
1
4 , y = 2
3
32 , y = 3
1
64 , y = 4
0, alli¸c

En tèlei, gia na broÔme thn upojetik  sun�rthsh pijanìthtac thc X dedomènou thc Y ,
shmei¸noume ìti:

pX|Y (x | y) =
pX,Y (x, y)

pY (y)

H zhtoÔmenh sun�rthsh pijanìthtac gr�fetai kai se morf  pÐnaka wc ex c:

X/Y 0 1 2 3 4
1 8/15 4/13 � � �
2 4/15 4/13 1/4 � �
3 2/15 3/13 3/8 1/3 �
4 1/15 2/13 3/8 2/3 1
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(d) H anamenìmenh tim  thc t.m. Y mporeÐ na upologisjeÐ me th qr sh tou jewr matoc olik c
mèshc tim c wc ex c:

E[Y ] =
4∑

x=1

pX(x) · E[Y | X = x]

=
4∑

x=1

pX(x) · x

2

=
1
2
· 1
4

4∑
x=1

x

=
1
8
· (1 + 2 + 3 + 4) =

10
8

= 1.25

Ston parap�nw upologismì qrhsimopoi same to gegonìc pwc dedomènou ìti X = x, h tuqaÐa
metablht  Y eÐnai diwnumik  me p = 1

2 , opìte h mèsh tim  thc ja eÐnai:

E[Y | X = x] = x · p = x · 1
2

'Askhsh 2. 'Estw ìti X dhl¸nei thn posìthta qrìnou (se ¸rec) ewc ìtou o anjrakwrÔqoc na
fj�sei sthn èxodo. EpÐshc, èstw ìti Y dhl¸nei thn s ragga pou arqik� epilègei. EÐnai:

E[X] = E[X | Y = 1]P{Y = 1} + E[X | Y = 2]P{Y = 2}+ E[X | Y = 3]P{Y = 3}

=
1
3

(E[X | Y = 1] + E[X | Y = 2] + E[X | Y = 3])

'Omwc,

E[X | Y = 1] = 3
E[X | Y = 2] = 5 + E[X]
E[X | Y = 3] = 7 + E[X]

(1)

Gia na katal�bete giatÐ to sÔnolo exis¸sewn (??) eÐnai swstì, jewr ste gia par�deigma thn deÔterh
exÐswsh E[X | Y = 2]. An o anjrakwrÔqoc dialèxei thn deÔterh s ragga, ja xodèyei 5 ¸rec sthn
s ragga kai èpeita ja xanagurÐsei pÐsw sto Ðdio mèroc apì to opoÐo xekÐnhse sthn sto�. All� ìtan
gurÐsei pÐsw, to prìblhma eÐnai san na xekin�ei apì thn arq . Opìte, o anamenìmenoc epiprìsjetoc
qrìnoc gia na fj�sei sthn èxodo ja eÐnai apl¸c E[X]. Epomènwc, E[X | Y = 2] = 5 + E[X].
Parìmoio epiqeÐrhma ja isqÔei kai gia tic �llec exis¸seic tou sunìlou exis¸sewn (??). Sunep¸c,

E[X] =
1
3

(3 + 5 + E[X] + 7 + E[X])

 
E[X] = 15
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'Askhsh 3.

(a)

E{Y } =
∑

y

y P (Y = y) =
∑

y

y

∞∑
n=1

P (Y = y, N = n)

=
∑

y

y

∞∑
n=1

P (X1 + · · ·+ Xn = y, N = n)

=
∑

y

y
∞∑

n=1

P (X1 + · · ·+ Xn = y)P (N = n)

=
∞∑

n=1

P (N = n)
∑

y

y P (X1 + · · ·+ Xn = y)

=
∞∑

n=1

P (N = n) E{X1 + · · ·+ Xn}

=
∞∑

n=1

P (N = n)
n∑

i=1

E{Xi} =
∞∑

n=1

P (N = n) n µ

= µ

∞∑
n=1

n P (N = n) = µE{N}.

(b)

E{Y 2} =
∑

y

y2 P (Y = y) =
∑

y

y2
∞∑

n=1

P (Y = y, N = n)

=
∑

y

y2
∞∑

n=1

P (X1 + · · ·+ Xn = y, N = n)

=
∑

y

y2
∞∑

n=1

P (X1 + · · ·+ Xn = y)P (N = n)

=
∞∑

n=1

P (N = n)
∑

y

y2 P (X1 + · · ·+ Xn = y) =
∞∑

n=1

P (N = n) E{(X1 + · · ·+ Xn)2}

=
∞∑

n=1

P (N = n)
{
V ar(X1 + · · ·+ Xn) + (E{X1 + · · ·+ Xn})2

}
=

∞∑
n=1

P (N = n)
{ n∑

i=1

V ar(Xi) + (nµ)2
}

=
∞∑

n=1

P (N = n)
{
nσ2 + n2µ2

}
= σ2

∞∑
n=1

n P (N = n) + µ2
∞∑

n=1

n2 P (N = n) = σ2E{N} + µ2E{N2}.

(g)

V ar(Y ) = E{Y 2} − (E{Y })2 = σ2E{N}+ µ2E{N2} − (µE{N})2

= σ2E{N} + µ2
(
E{N2} − (E{N})2

)
= σ2E{N} + µ2V ar(N).


