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'Askhsh 1.

(a) An èrjoun n gr�mmata kai 0 kefalèc, tìte X = n, en¸ an èrjoun n− 1 gr�mmata kai 1
kefal , tìte X = n− 2. Me ton Ðdio trìpo, an èrjoun 1 gr�mma kai n− 1 kefalèc, tìte
X = −n + 2, en¸ an èrjoun 0 gr�mmata kai n kefalèc, tìte X = −n. Sunep¸c, to pedÐo
orismoÔ thc t.m. X eÐnai:

n− 2i, i = 0, 1, . . . , n

(b) 'Eqoume 8 dunatèc peript¸seic. H sun�rthsh puknìthtac pijanìthtac (σ.π.) thc t.m. X,
gia thn perÐptwsh tri¸n rÐyewn, eÐnai h ex c:

P{X = 3} = 1/8 (H perÐptwsh na fèroume mìno gr�mmata)

P{X = 1} = 3/8 (Up�rqoun 3 peript¸seic na fèroume 2 gr�mmata kai 1 kefal )

P{X = −1} = 3/8 (Up�rqoun 3 peript¸seic na fèroume 1 gr�mma kai 2 kefalèc)

P{X = −3} = 1/8 (H perÐptwsh na fèroume mìno kefalèc)

'Askhsh 2.
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Sq ma 1: Dendrikì di�gramma gia thn �skhsh 2

(a) To pedÐo tim¸n thc t.m. X eÐnai:
1,−1,−3

H sun�rthsh pijanìthtac thc t.m. X eÐnai:

Px (x) =


18
38 + 20

38

(
18
38

)2 = 0.592 , x = 1
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(b) H pijanìthta na kerdÐsoume isoÔtai me:

P{x > 0} = P{Kèrdoc apì to pr¸to stoÐqhma}+ P{q�simo, kèrdoc, kèrdoc}
= 18/38 + (20/38) (18/38)2 ≈ 0.5918

(g) To anamenìmeno kèrdoc mac isoÔtai me thn mèsh tim  thc t.m. X kai eÐnai Ðso me:

E[X] = 1[18/38 + (20/38) (18/38)2]− [2 (18/38) (20/38)2]− 3 (20/38)3 ≈ −0.108

Sunep¸c, h strathgik  pou mac proteÐnei o fÐloc mac den eÐnai kai tìso kal  diìti sthn
mèsh perÐptwsh ja èqoume q�simo.

'Askhsh 3. JewroÔme ìti èqoume na k�noume me èna peÐrama tÔqhc sto opoÐo ekteloÔme 5 ane-
x�rthtec dokimèc Bernouli me pijanìthta epituqÐac 0.8. Dhlad , to peÐrama tÔqhc apoteleÐtai apì
5 anex�rthta peir�mata sta opoÐa to Ðdio gegonìc A (to bit metadìjhke swst�) pragmatopoieÐtai  
ìqi me stajer  pijanìthta epituqÐac Ðsh me 0.8. An X eÐnai tuqaÐa metablht , pou metr� to suno-
likì pl joc epituqi¸n stic 5 dokimèc, tìte h X èqei th duwnumik  katanom  B (5, 0.8). Sunep¸c,
h X ja èqei sun�rthsh pijanìthtac P (X = x) =

(
5
x

)
(0.8)x (0.2)5−x. H pijanìthta lanjasmènhc

apìfashc isoÔtai me thn (duwnumik ) pijanìthta dÔo apì ta pènte bits na èqoun metadwjeÐ swst�
sun thn (duwnumik ) pijanìthta èna apì ta pènte bits na èqoun metadwjeÐ swst� sun thn (duw-
numik ) pijanìthta kanèna apì ta pènte bits na mhn èqei metadwjeÐ swst�. Sunep¸c, h zhtoÔmenh
pijanìthta isoÔtai me:

P (X = 2) + P (X = 1) + P (X = 0) =
(

5
2

)
(0.8)2 (0.2)3 +

(
5
1

)
(0.8) (0.2)4 + (0.2)5

'Askhsh 4. To doruforikì sÔsthma ja prèpei na leitourgeÐ kal� tìso se perÐptwsh broq c ìso
kai se perÐptwsh liak�dac. Dhlad :

P (Kal�) = P (Kal� ∩ Broq ) + P (Kal� ∩ Liak�da)

H pijanìthta to doruforikì sÔsthma na leitourgeÐ kal� kai na brèqei isoÔtai me:

P (Kal� ∩ Broq ) = P (Kal� | Broq ) P (Broq )

T¸ra, gia na broÔme thn pijanìthta ìti to sÔsthma douleÔei kal� dedomènou ìti brèqei, ergazì-
maste ìpwc sthn prohgoÔmenh �skhsh. JewroÔme ìti ekteloÔme èna peÐram� tÔqhc n anex�rthtec
forèc me pijanìthta epituqÐac p1. Dhlad , to peÐrama tÔqhc apoteleÐtai apì n anex�rthta peir�ma-
ta sta opoÐa to Ðdio gegonìc A (èna ex�rthma leitourgeÐ kal�) pragmatopoieÐtai   ìqi me stajer 
pijanìthta epituqÐac Ðsh me p1. 'Ara, h pijanìthta na èqoume x epituqÐec, dhlad  x exart mata na
leitourgoÔn kal� (dedomènou ìti brèqei), ja isoÔtai me: P (X = x) =

(
n
x

)
(p1)

x (1− p1)
n−x. Gia na

leitourgeÐ to doruforikì sÔsthma kal� dedomènou ìti brèqei, ja prèpei toul�qiston k exart mata
na leitourgoÔn kal� (dhlad  na èqoume toul�qiston k epituqÐec), �ra h antÐstoiqh pijanìthta ja
isoÔtai me:

P (Kal� | Broq ) = P (X ≥ k) =
n∑

i=k

(
n

i

)
(p1)

i (1− p1)
n−i

Epomènwc, h pijanìthta to doruforikì sÔsthma na leitourgeÐ kal� kai na brèqei ja isoÔtai me:

P (Kal� ∩ Broq ) = P (Kal� | Broq ) P (Broq ) =
n∑

i=k

(
n

i

)
(p1)

i (1− p1)
n−i · pr
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To gegonìc na èqoume liak�da eÐnai sumplhrwmatikì wc proc to gegonìc tou na èqoume broq ,
�ra: P (Liak�da) = 1− P (Broq ) = 1− pr. Ergazìmenoi me ton Ðdio trìpo kai gia thn perÐptwsh
thc liak�dac ja èqoume:

P (Kal� ∩ Liak�da) = P (Kal� | Liak�da) P (Liak�da) =
n∑

i=k

(
n

i

)
(p2)

i (1− p2)
n−i · (1− pr)

Sunep¸c, h zhtoÔmenh pijanìthta to doruforikì sÔsthma na leitourgeÐ kal� ja isoÔtai me:

P (Kal�) = P (Kal� ∩ Broq ) + P (Kal� ∩ Liak�da)

=
n∑

i=k

(
n

i

)
(p1)

i (1− p1)
n−i · pr +

n∑
i=k

(
n

i

)
(p2)

i (1− p2)
n−i · (1− pr)

'Askhsh 5. 'Eqoume:

P{X = n + k | X > n} =
P{X = n + k}

P{X > n}

=
p (1− p)n+k−1

(1− p)n

= p (1− p)k−1

= P{X = k}

To fusikì nìhma thc parap�nw isìthtac eÐnai ìti h pijanìthta na èqoume k akìmh apotuqÐec, ìtan
eÐqame  dh n apotuqÐec, eÐnai anex�rthth tou n, dhlad  xeqn�me tic apotuqÐec tou pareljìntoc kai
xekin�me apì thn arq .

'Askhsh 6.

(a) O arijmìc twn ebdom�dwn pou h epèndush sac diplasi�zetai eÐnai mia duwnumik  tuqaÐa
metablht  Y me paramètrouc (5,1/2). AfoÔ h epèndush upodiplasi�zetai kat�
tic upìloipec 5 - Y ebdom�dec kai k�je upodiplasiasmìc akur¸nei ènan diplasiasmì, èqoume
ìti X = 32 ∗ 2Y ∗ 2−(5−Y ) = 32 ∗ 22Y−5. Oi pijanèc timèc thc Q eÐnai 1, 4, 16, 64, 256 kai
1024 , pou antistoiqoÔn stic Y = 0, 1, 2, 3, 4, 5.

(b) P (X = 1) = P (Y = 0) = 1/32
P (X = 4) = P (Y = 1) = 5/32
P (X = 64) = P (Y = 3) = 10/32
P (X = 256) = P (Y = 4) = 5/32
P (X = 1024) = P (Y = 5) = 1/32

(g) E[X] =
∑

X ∗ P (X) =
1 ∗ (1/32)+4 ∗ (5/32)+16 ∗ (10/32)+64 ∗ (10/32)+256 ∗ (5/32)+1024 ∗ (1/32) = 97.65625
'Ara h thleoptik  diaf mish upotim� kat� lÐgo thn apìdosh.

(d) P (X < 32) = P (X = 1) + P (X = 4) + P (X = 16) = 1/2

(e) Up�rqei 50% pijanìthta gia k�poion na q�sei ta left� tou me aut n thn epèndush.
Efìson oi pijanìthtec ap¸leiac twn qrhm�twn eÐnai shmantikèc, all� kai ta kèrdh pou
mporeÐ na apofèrei h epèndush eÐnai uyhl�, exart�tai apì to pìso shmantikì eÐnai gia ton
kajèna to arqikì posì pou jèlei na diajèsei. Se k�je perÐptwsh an diajèsei k�poio mikrì
arqikì posì, h epèndush jewreÐtai arket� epikerd c me qamhlì kìstoc.
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'Askhsh 7. RÐqnoume tautìqrona dÔo amerìlhpta trÐedra z�ria. OrÐzoume thn t.m. X wc to
�jroisma twn dÔo rÐyewn.

(a) H sun�rthsh pijanìthtac thc t.m. X eÐnai:

pX (x) =



1
9 x = 2,
2
9 x = 3,
3
9 x = 4,
2
9 x = 5,
1
9 x = 6,

0 alli¸c.

H mèsh tim  thc t.m. X eÐnai:

E[X] =
6∑

x=1

xpX (x)

= 2
(

1
9

)
+ 3

(
2
9

)
+ 4

(
3
9

)
+ 5

(
2
9

)
+ 6

(
1
9

)
= 4

H diaspor� thc t.m. X eÐnai:

var[X] =
6∑

x=1

(x− E[X])2 pX (x)

=
1
9

(2− 4)2 +
2
9

(3− 4)2 +
3
9

(4− 4)2 +
2
9

(5− 4)2 +
1
9

(6− 4)2

=
4
3

(b) Jètoume Z = X2 kai èqoume:

pZ (z) =



1
9 z = 4,
2
9 z = 9,
3
9 z = 16,
2
9 z = 15,
1
9 z = 36,

0 alli¸c.

'Askhsh 8.

(a) Prèpei na èqoume ìti
3∑

x=−3
px (x) = 1, opìte

K =
1

3∑
x=−3

x2

=
1
28
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(b) Qrhsimopoi¸ntac thn fìrmoula pY (y) =
∑

{x: |x|=y}
pX (x), paÐrnoume

pY (y) =

{
2Ky2 = y2

14 , x = 1, 2, 3
0 , alli¸c.

(g) An y > 0,

pY (y) =
∑

{x: |x|=y}

pX (x) = pX (y) + pX (−y)

An y = 0, tìte pY (y) = pX (y). Alli¸c, pY (y) = 0.

(d) ArqÐzontac apì ton orismì thc mèshc tim c thc t.m. X èqoume:

|E (X)| =

∣∣∣∣∣∑
x∈ Ω

xpX (x)

∣∣∣∣∣
≤

∑
x∈ Ω

|xpX (x)|

=
∑
x∈ Ω

|x|pX (x)

= E (|X|)

P�ntwc, h parap�nw perÐptwsh eÐnai mia eidik  perÐptwsh miac pio genik c anisìthtac, h
opoÐa eÐnai gnwst  wc anisìthta tou Jensen kai dhl¸nei ìti an mia sun�rthsh g (·) eÐnai
kurt , tìte

g (E (X)) ≤ E (g (X))

'Askhsh 9.

(a) Apì thn koin  σ.π., up�rqoun 6 zeug�ria suntetagmènwn (x, y) me mh mhdenik  pijanìthta
emf�nishc. Aut� ta zeug�ria eÐnai ta: (1, 1), (1, 3), (2, 1), (2, 3), (4, 1) kai (4, 3). H
pijanìthta enìc zeugarioÔ eÐnai an�logh tou ginomènou twn x kai y suntetagmènwn tou
zeugarioÔ. Epeid  h pijanìthta olìklhrou tou deigmatikoÔ q¸rou prèpei na eÐnai Ðsh me 1,
ja prèpei:

(1 · 1)c + (1 · 3)c + (2 · 1)c + (2 · 3)c + (4 · 1)c + (4 · 3)c = 1

LÔnontac wc proc c paÐrnoume: c =
1
28

(b) Up�rqoun 3 deigmatik� shmeÐa gia ta opoÐa y < x. Opìte h zhtoÔmenh pijanìthta ja
isoÔtai me:

P (Y < X) = P ({(2, 1)}) + P ({(4, 1)}) + P ({(4, 3)}) =
2 · 1
28

+
4 · 1
28

+
4 · 3
28

=
18
28

(g) Up�rqoun 2 deigmatik� shmeÐa gia ta opoÐa y > x. Opìte h zhtoÔmenh pijanìthta ja
isoÔtai me:

P (Y > X) = P ({(1, 3)}) + P ({(2, 3)}) =
1 · 3
28

+
2 · 3
28

=
9
28
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(d) Up�rqei 1 deigmatikì shmeÐo gia to opoÐo y = x. Opìte h zhtoÔmenh pijanìthta ja isoÔtai
me:

P (Y = X) = P ({(1, 1)}) =
1 · 1
28

=
1
28

Parathr ste ìti, qrhsimopoi¸ntac ta dÔo parap�nw mèrh thc �skhshc, prokÔptei h
anamenìmenh isìthta:

P (Y < X) + P (Y > X) + P (Y = X) =
18
28

+
9
28

+
1
28

= 1

(e) Up�rqoun 3 deigmatik� shmeÐa gia ta opoÐa y = 3. Opìte h zhtoÔmenh pijanìthta ja
isoÔtai me:

P (Y = 3) = P ({(1, 3)}) + P ({(2, 3)}) + P ({(4, 3)}) =
1 · 3
28

+
2 · 3
28

+
4 · 3
28

=
21
28

(st) Genik�, gia dÔo diakritèc tuqaÐec metablhtèc X kai Y gia tic opoÐec èqei oristeÐ koin 
sun�rthsh pijanìthtac, èqoume:

pX(x) =
∞∑

y=−∞
pX,Y (x, y) kai pY (y) =

∞∑
x=−∞

pX,Y (x, y)

Se autì to prìblhma, o arijmìc twn (X, Y ) zeugari¸n eÐnai arket� mikrìc, opìte mporoÔme
na prosdiorÐsoume tic (oriakèc) σ.π. me aparÐjmhsh. Gia par�deigma,

pX(2) = P ({(2, 1)}) + P ({(2, 3)}) =
8
28

Sunolik�, ja èqoume:

pX(x) =


4/28 , x = 1;
8/28 , x = 2;
16/28 , x = 4;
0 , alli¸c

=


1/7 , x = 1;
2/27 , x = 2;
4/27 , x = 4;
0 , alli¸c

kai

pY (y) =


7/28 , y = 1;
21/28 , y = 3;
0 , alli¸c

=


1/4 , y = 1;
3/4 , y = 3;
0 , alli¸c

(z) Genik�, h anamenìmenh tim  opoiasd pote diakrit c tuqaÐac metablht c X dÐnetai apì ton
akìloujo tÔpo:

E[X] =
∞∑

x=−∞
xpX(x)

Gia autì to prìblhma, ja èqoume:

E[X] = 1 · 1
7

+ 2 · 2
7

+ 4 · 4
7

= 3

kai

E[Y ] = 1 · 1
4

+ 3 · 3
4

=
5
2



Pijanìthtec - 2004/LÔseic Tètarthc Seir�c Ask sewn 7

(h) H diaspor� miac tuqaÐac metablht c X mporeÐ na upologisjeÐ wc E[X2]− E[X]2   wc
E[(X − E[X])2]. Qrhsimopoi¸ntac th deÔterh mèjodo prokÔptei ìti:

var(X) = (1− 3)2 · 1
7

+ (2− 3)2 · 2
7

+ (4− 3)2 · 4
7

=
10
7

kai

var(Y ) = (1− 5
2
)2 · 1

4
+ (3− 5

2
)2 · 3

4
=

9
16

+
3
16

=
3
4


