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'Askhsh 1. Xèroume ìti:

P (A1 ∪ · · · ∪An) = 1− P ((A1 ∪ · · · ∪An)c) (1)

Apì ton nìmo tou De Morgan èqoume ìti:

(A1 ∪ · · · ∪An)c = Ac
1 ∩ · · · ∩Ac

n (2)

EpÐshc, apì ton orismì thc anexarthsÐac èqoume:

P (Ac
1 ∩ · · · ∩Ac

n) =
n∏

i=1

P (Ac
i ) (3)

Akìmh, xèroume ìti gia k�je i isqÔei:

P (Ac
i ) = 1− P (Ai) (4)

Efarmìzontac tic exis¸seic (2), (3) kai (4) h exÐswsh (1) paÐrnei thn telik  morf :

P (A1 ∪ · · · ∪An) = 1−
n∏

i=1

(1− P (Ai)) (5)

'Askhsh 2. Ja deÐxoume ìti P (A ∩ (B ∪ C)) = P (A) P (B ∪ C), to opoÐo sunep�getai thn ane-
xarthsÐa twn A kai B ∪ C.

Arqik� shmei¸ste ìti A ∩ (B ∪ C) = (A ∩B) ∪ (A ∩ C).

Opìte ja èqoume:

P (A ∩ (B ∪ C)) = P ((A ∩B) ∪ (A ∩ C))
= P (A ∩B) + P (A ∩ C)− P (A ∩B ∩ C)
= P (A) P (B) + P (A) P (C)− P (A) P (B) P (C)
= P (A) (P (B) + P (C)− P (B) P (C))
= P (A) (P (B) + P (C)− P (B ∩ C))
= P (A) P (B ∪ C)
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'Askhsh 3. Arqik�, 10 phroÔnia kai kanèna maqaÐri brÐskontai sto aristerì surt�ri, gegonìc
to opoÐo dhl¸noume me (10Π, 0M). ParomoÐwc, h kat�stash tou dexioÔ surtarioÔ eÐnai (0Π, 10M).
'Otan o sugk�toikoc p�rei ta dÔo phroÔnia apì to aristerì surt�ri kai ta topojet sei sto dexÐ, oi
katast�seic twn dÔo surtari¸n gÐnontai (8Π, 0M) kai (2Π, 10M) antÐstoiqa. Apì to dexÐ surt�ri,
h pijanìthta na trab xeic èna phroÔni eÐnai 2/12 = 1/6 kai h pijanìthta na trab xeic èna maqaÐri
eÐnai 5/6.

Epomènwc, apì ton arqik  di�taxh, to sÔsthma mporeÐ na èqei exeliqjeÐ me dÔo pijanoÔc trìpouc
(ìpwc faÐnetai kai apì to sq ma 1). Onom�zoume autèc tic peript¸seic Π1 kai Π2. H perÐptwsh Π1

anafèretai sto gegonìc èna phroÔni na metafèrjhke apì to dexÐ surt�ri sto aristerì, af nontac
tic katast�seic twn dÔo surtari¸n wc (9Π, 0M) kai (1Π, 10M). AntÐjeta, h perÐptwsh Π2 anafè-
retai sthn metafor� enìc maqairioÔ apì to dexÐ surt�ri sto aristerì, èqontac san apotèlesma tic
katast�seic (8Π, 1M) kai (2Π, 9M).

Apì to parap�nw epiqeÐrhma èqoume ìti: P (Π1) = 1/6 kai P (Π2) = 5/6.

(9Π,0M)
(1Π,10M) Π1

(10Π,0M)
(0Π,10M)

(8Π,0M)
(2Π,10M)

1/6
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5/6
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(8Π,1M)
(2Π,9M) Π2

Sq ma 1: Dendrikì di�gramma gia thn �skhsh 3

Apì to kanìna tou Bayes èqoume ìti:

P (left chosen | knife pulled) =
P (knife pulled | left chosen) P (left chosen)

P (knife pulled)

Qrhsimopoi¸ntac to je¸rhma olik c pijanìthtac (Total Probability Theorem) èqoume:

P (knife pulled | left chosen) = P (knife pulled | Π1, left chosen) P (Π1) +
+ P (knife pulled | Π2, left chosen) P (Π2)

= 0 · 1
6

+
1
9
· 5
6

=
5
54

OmoÐwc,

P (knife pulled | right chosen) = P (knife pulled | Π1, right chosen)P (Π1) +
+ P (knife pulled | Π2, right chosen)P (Π2)

=
10
11

· 1
6

+
9
11

· 5
6

=
5
6
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Qrhsimopoi¸ntac to je¸rhma tou Bayes èqoume:

P (left | knife) =
P (knife | left)P (left)

P (knife)

=
P (knife | left)P (left)

P (knife | left)P (left) + P (knife | right) P (right)

=
5/54 · 1/2

5/45 · 1/2 + 5/6 · 1/2

=
1
10

'Askhsh 4. 'Estw C to gegonìc ìti o majht c apant�ei thn er¸thsh swst� kai K to gegonìc
ìti o majht c pr�gmati xèrei thn ap�nthsh. T¸ra ja èqoume:

P (K|C) =
P (KC)
P (C)

=
P (C|K) P (K)

P (C|K) P (K) + P (C|Kc) P (Kc)

=
p

p + (1/m) (1− p)

=
mp

1 + (m− 1) p

H parap�nw pijanìthta gia m = 4 kai p = 1/2 ja isoÔtai me:

P (K|C) =
mp

1 + (m− 1) p

=
5 · 1/2

1 + (5− 1) · 1/2

=
5
6

'Askhsh 5. 'Estw R to gegonìc ìti o foitht c ja p�rei th jèsh.

(a)

P (R) = P (R | isqur ) P (isqur ) + P (R | kal ) P (kal ) + P (R | kak ) P (kak )
= (0.8) (0.7) + (0.4) (0.2) + (0.1) (0.1) = 0.65

(b)

P (isqur  | R) =
P (R | isqur ) P (isqur )

P (R)

=
(0.8) (0.7)

(0.65)
=

56
65

OmoÐwc,

P (kal  | R) =
8
65

, P (kak  | R) =
1
65
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(g)

P (isqur  | Rc) =
P (Rc | isqur ) P (isqur )

P (Rc)

=
(0.2) (0.7)

(0.35)
=

14
35

OmoÐwc,

P (kal  | Rc) =
12
35

, P (kak  | Rc) =
9
35

'Askhsh 6. 'Estw Ci to gegogìc ìti to i-stì nìmisma dialègetai arqik�, i = 0, 1, . . . , k. EpÐshc,
èstw Fn to gegonìc ìlec oi pr¸tec n rÐyeic katal goun se kefal  kai H to gegonìc ìti h (n+1)-
st  rÐyh èfere kefal . H epijumht  pijanìthta, P (H | Fn), mporeÐ na apokthjeÐ wc ex c:

P (H | Fn) =
k∑

i=0

P (H | FnCi) P (Ci | Fn)

T¸ra, dedomènou ìti to i-stì nìmisma epilègetai, eÐnai logikì na upojèsoume ìti ta apotelèsmata
ja eÐnai upojetik� anex�rthta, ìpou k�je èna apì aut� katal gei se kefal  me pijanìthta i/k.
Sunep¸c,

P (H | FnCi) = P (H | Ci) =
i

k

EpÐshc, èqoume ìti:

P (Ci | Fn) =
P (CiFn)
P (Fn)

=
P (Fn | Ci) P (Ci)

k∑
j=0

P (Fn | Cj) P (Cj)

=
(i/k)n [1/ (k + 1)]

k∑
j=0

(j/k)n [1/ (k + 1)]

Epomènwc,

P (H | Fn) =

k∑
i=0

(i/k)n+1

k∑
j=0

(j/k)n

(6)

All� an to k eÐnai meg�lo, mporoÔme na qrhsimopoi soume tic parak�tw proseggÐseic oloklhrw-
m�twn:

1
k

k∑
i=0

(
i

k

)n+1

≈
1∫

0

xn+1dx =
1

n + 2
(7)

1
k

k∑
j=0

(
j

k

)n

≈
1∫

0

xndx =
1

n + 1
(8)
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Sunep¸c, gia k meg�lo, h (6) me thn bo jeia twn (7) kai (8) ja gÐnei:

P (H | Fn) ≈ n + 1
n + 2

'Askhsh 7. Mac dÐnetai ìti
P (AB) = P (B) (9)

kai prèpei na deÐxoume ìti autì sunep�getai ìti

P (BcAc) = P (Ac)

'Enac trìpoc eÐnai o akìloujoc:

P (BcAc) = P ((A ∪B)c)
= 1− P (A ∪B)
= 1− P (A)− P (B) + P (AB)
(9)
= 1− P (A)
= P (Ac)

'Askhsh 8.

(a) AparaÐthta yeud c diìti an eÐnai xèna, tìte

0 = P (AB) 6= P (A) P (B)

(b) AparaÐthta yeud c diìti an eÐnai anex�rthta, tìte

P (AB) = P (A) P (B) > 0

(g) AparaÐthta yeud c diìti an eÐnai xèna, tìte

P (A ∪B) = P (A) + P (B) = 1.2

(d) Upì sunj kh alhj c diìti apì thn isìthta P (A) = P (B) = 0.6 den mporoÔme na deÐxoume
ìti ta A kai B eÐnai anex�rthta. An ìmwc mac dinìtan kai ìti P (AB) = 0.36 tìte sÐgoura
ta A kai B ja  tan anex�rthta.


