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LÔseic jem�twn Proìdou

Jèma 1. Mac dÐnetai ìti: P (A) = 1
2 , P (B) = 1

4 , P (C) = 2
3 .

EpÐshc,
A,B xèna, ètsi P (AB) = 0
A,C anex�rthta, ètsi P (AC) = P (A)P (C) = 1

2
2
3 = 1

3 .

P (B|C) = 1
4 ètsi P (BC) = P (B|C)P (C) = 1

4
2
3 = 1

6 .

Epomènwc,
(a) P (A ∪ B ∪ C) = P (A) + P (B) + P (C) − P (AB) − P (BC) − P (AC) + P (ABC) = 1

2 + 1
4 +

2
3 − 0− 1

6 − 1
3 + 0 = 11

12

(b) P (AB∪BC∪CA) = P (AB)+P (BC)+P (CA)−3P (ABC)+P (ABC) = 0+ 1
6+ 1

3−3∗0+0 = 1
2

Jèma 2. (a) H ekf¸nhsh lèei ìti: P (E|B) = 0.01

(b) P (E) = P (A)P (E|A)+P (B)P (E|B)+P (C)P (E|C) = 0.2∗0.05+0.3∗0.01+0.5∗0.02 = 0.023

(g) P (B|E) = P (E|B)P (B)
P (E) = 0.01∗0.3

0.023 = 3
23

Jèma 3. (a,i) P (X = 2) =
(
10
2

)
p2(1− p)8 = 10!

2!8!p
2(1− p)8 = 45p2(1− p)8

(a,ii) var(3X + 2) = 9var(X) = 9 ∗ 10 ∗ p ∗ (1− p) = 90p(1− p)

(b) Gia thn Poisson deÐxame ìti E[X] = var(X) = λ = 3.

E[Y ] = E[(X − 2)2] = E[X2 − 2X + 4] = E[X2]− 4E[X] + 4
= var(X) + (E[X])2 − 4E[X] + 4
= λ + λ2 − 4λ + 4 = λ2 − 3λ + 4
= 22 − 2 ∗ 2 + 4 = 4
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Jèma 4. (a) E[X] = 1+2+3+4
4 = 2.5 = E[Y ]

(b) E[XY ] = E[X] ∗ E[Y ] = (2.5)2 (Q,Y anex�rthtec)

(g) Sthn ousÐa zht�me th desmeumènh sun�rthsh pijanìthtac thc t.m. Q wc proc to gegonìc
A = {XY = 4}. Ex orismoÔ: PX|A(x) = P (X = x|A) = P ({X=x}∩A)

P (A) .
T¸ra, A = {XY = 4} = {X = 1, Y = 4}∪ {X = 4, Y = 1}∪ {X = 2, Y = 2}, me ta 3 endeqìmena
aut� na eÐnai xèna metaxÔ touc, ètsi:

P (A) = P (X = 1, Y = 4) + P (X = 4, Y = 1) + P (X = 2, Y = 2)
= PXY (1, 4) + PXY (4, 1) + PXY (2, 2)
= PX(1)PY (4) + PX(4)PY (1) + PX(2)PY (2) me X, Y anex�rthtec

=
1
4

1
4

+
1
4

1
4

+
1
4

1
4

=
3
16

EpÐshc gia:

x = 1, P ({X = 1} ∩A) = P ({X = 1, Y = 4}) =
1
16

x = 2, P ({X = 2} ∩A) = P ({X = 2, Y = 2}) =
1
16

x = 3, P ({X = 3} ∩A) = P (∅) = 0

x = 4, P ({X = 4} ∩A) = P ({X = 1, Y = 1}) =
1
16

'Etsi
P (X = k|XY = 4) =

{
1/3 , an k = 1, 2, 4
0 , an k = 3

Jèma 5. (a) Q eÐnai diwnumik  t.m me paramètrouc (10,1/2). Epomènwc, E[X] = 101
2 = 5.

(b) O arijmìc twn (G) stic 6 pr¸tec rÐyeic eÐnai epÐshc diwnumik  t.m. me (6,1/2). Epomènwc:

P (A) = P (Y = 4) =
(

6
4

)(
1
2

)4(1
2

)2

=
6!

4!2!
(
1
2
)6 =

15
64

(g) Dedomènou ìti  rjan 4 (G) stic 6 pr¸tec rÐyeic, èqoume sÐgoura 2(K) stic Ðdiec rÐyeic. O arij-
mìc twn (K) stic upìloipec 4 rÐyeic eÐnai diwnumik  me paramètrouc (4,1/2) kai mèsh tim  41

2 = 2.
Epomènwc, E[X|A] = 2 + 2 = 4.

(d) Kat' arq�c P (B) =
(
6
2

)(
1
2

)2(1
2

)4
= 6!

4!2!(
1
2)6 = 15

64 .
DiairoÔme tic 10 rÐyeic se 3 om�dec: Tic pr¸tec 4, tic mesaÐec 2 kai tic teleutaÐec 4. To gegonìc
A∩B sumbaÐnei ìtan o arijmìc twn (G) stic 3 autèc om�dec eÐnai antÐstoiqa: eÐte: 4,0,2 eÐte: 3,1,1
eÐte: 2,2,0.
Sunep¸c:

P (A ∩B) =

(
4
4

)(
2
0

)(
4
2

)
+

(
4
3

)(
2
1

)(
4
1

)
+

(
4
2

)(
2
2

)(
4
0

)

210
=

11
256

Telik�
P (A|B) =

P (A ∩B)
P (B)

=
11
256

∗ 64
15

=
11
60
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Jèma 6. (a) W = {(KKK), (KKG), (KGK) , (GKK), (GGK), (GKG), (KGG), (GGG) }.
'Eqoume ìti P (KKK) = P (ΓΓΓ) = 1

8 kai epomènwc apìfash lamb�netai me pijanìthta 3/4 en¸
apaiteÐtai nèoc gÔroc me pijanìthta 1/4.

(b) O arijmìc twn gÔrwn Q pou qrei�zontai mèqri na lhfjeÐ apìfash eÐnai gewmetrik  t.m. me
P = 3/4. Sunep¸c,

P{toul�qiston 3 gÔroi} = P (X > 2)
= 1− P (X = 1)− P (X = 2) = 1− (1− p)0p− (1− p)1p

= 1− 3
4
− 1

4
3
4

=
1
16

(g)

P{Q zugìc} = P (X = 2) + P (X = 4) + ...

= pq + pq3 + pq5 + ...

= pq(1 + q2 + q4 + ...) = pq
+∞∑

i=0

(q2)i = pq
1

1− q2

=
q(1− q)
(1− q2)

=
q

1 + q
=

1/4
1 + 1/4

=
1
5

me q = 1− p

(d)

P{Q > 2|Q zugìc} =
P{Q > 2 ∩Q zugìc}

P{Q zugìc}

=
P (X = 4) + P (X = 6) + ...

1/5
=

(pq3 + pq5 + ...

1/5
)

=
1/5− P (X = 2)

1/5
=

1
5 − 1

4
3
4

1/5
=

1/5− 3/16
1/5

= 1/16


