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JEMA 1o

(a) (i) E[W ] = E[X] + E[Y ]
x, y omoiìmorfa katanemhmènec sto [0, 1] ⇒ E[X] = E[Y ] = 0+1

2
∴ E[W ] = 1

2 + 1
2 = 1.

(ii) Kaj¸c oi X, Y eÐnai anex�rthtec t.m., var(W ) = var(X) + var(Y )
Gia tic X,Y , var(X) = var(Y ) = (1−0)2

12 = 1
12

∴ var(W ) = 1
6 .

(iii) AfoÔ oi X, Y eÐnai anex�rthtec, ja eÐnai kai asusqètistec.
Epomènwc ρxy = 0.

(iv) Dedomènou ìti X = 0.5, W = Y + 0.5 kai h W eÐnai omoiìmorfa
katanemhmènh sto di�sthma [0.5, 1.5]

(b) Efìswn h Z eÐnai omoiìmorfa katanemhmènh sto [0, 2π], èqei c.p.p.

fz(z) =

{
1
2π , 0 6 z 6 2π

0, αλλου

T¸ra,

E[X] =
∫ 2π

0

1
2π

sin zdz = 0

E[Y ] =
∫ 2π

0

1
2π

cos zdz = 0

cov(X,Y ) = E[XY ]− E[X] · E[Y ] = E[XY ] = E[sinZ · cosZ]

=
1
2
E[sin 2Z] =

1
2

∫ 2π

0

1
2π

sin 2zdz = 0.
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⇒ X, Y : asusqètistec.

Apì thn �llh, den eÐnai anex�rthtec. Pr�gmati, an Y = −1, tìte Z = π
kai epomènwc X = 0 : P (X = 0/Y = −1) = 1. EpÐshc, an Y = 0, tìte
Z = π

2   3π
2 kai epomènwc X 6= 0 : P (X = 0/Y = 0) = 0. Dhlad , h

desmeumènh c.p.p thc X dedomènou Y = y exart�tai apo to Y !
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JEMA 2o

(a) H mèsh tim  thc X eÐnai:
E[X] = 4−0

10 × 0 + 4−1
10 × 1 + 4−2

10 × 2 + 4−3
10 × 3 = 1.

H deÔterh rop  :
E[X2] = 4−0

10 × 0 + 4−1
10 × 12 + 4−2

10 × 22 + 4−3
10 × 32 = 2.

⇒ σ2
X = E[X2]− E2[X] = 1.

(b) H t.m. Y mporeÐ na ekfrasteÐ san to �jroisma 2×108 anex�rthtwn t.m.
X1, X2, . . . me thn Ðdia katanom  pX(x) :

Y =
2×108∑

i=1

Xi.

Epomènwc:
E[Y ] = 2× 108 · E[X] = 2× 108

σ2
Y = 2× 108 · σ2

X = 2× 108

(g) 'Estw R to gegonìc ìti to leitourgikì sÔsthma epanegkaj statai se
èna sugkekrimèno upologist . Tìte:

P (R) =
3∑

k=0

P (R/X = k) · Px(k) =
3∑

k=0

(1− 2−k) · 4− k

10

=
1
2
× 3

10
+

3
4
× 2

10
+

7
8
× 1

10
=

31
80

= 0.3875

(d)

P (X = k/R) =
P (R/X = k) · Px(k)

P (R)

=
8(1− 2−k)(4− k)

31
, k = 0, 1, 2, 3.



Pijanìthtec /LÔseic Jem�twn Exètashc SeptembrÐou 2004 4

JEMA 3o

(a) Aut  eÐnai h pijanìthta ìti o qr stoc mil�ei perissìtera apo 15 lept�.
Apì thn ekf¸nhsh, h t.m. T èqei c.p.p.

fT (t) =
1
60

e−t/60, t > 0.

Epomènwc h pijanìthta pou zht�me eÐnai:

P (T > 15) =
∫ ∞

15

1
60

e−t/60dt = e−15/60 = e−1/4.

(b) Up�rqei h ex c sqèsh metaxÔ twn t.m. N kai T:

N = 0 shmaÐnei T < 15
N = 1 shmaÐnei 15 6 T < 45
N = 2 shmaÐnei 45 6 T < 75

...
...

...
N = n shmaÐnei 15 + 30(n− 1) 6 T < 15 + 30n

Epomènwc, h pijanìthta ìti o K¸stac den q�nei kanèna èlegqo tou
e−mail tou eÐnai:

P (N = 0) =
∫ 15

0

1
60

e−t/60dt = . . . = 1− e−1/4

Alli¸c,

P (N = n) =
∫ 30n+15

30n−15

1
60

e−t/60dt = . . . = e−n/2(e1/4−e−1/4) = αe−bn,

ìpou a = (e1/4 − e−1/4), b = 1
2 .

∴

PN (n) =





1− e−1/4, n=0
e−n/2(e1/4 − e−1/4), n > 0
0, n < 0
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(g)

E[N ] = 0 · (1− e−1/4) +
+∞∑

n=1

n · e−n/2(e1/4 − e−1/4)

= e−1/2(e1/4 − e−1/4)
+∞∑

n=1

n(e−1/2)n−1

= e−1/2(e1/4 − e−1/4)
1

(1− e−1/2)2
=

e−1/4

1− e−1/2
=

1
e1/4 − e−1/4
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JEMA 4o

(a) 'Estw Zk h paragwg  thc k-st c gramm c. Apo thn ekf¸nhsh:

fz(z) =
1
5
e−z/5, z > 0.

P (Z > 4) =
∫ ∞

4

1
5
e−z/5dz = e−4/5 u 0.45

(b) Kaj¸c k�je gramm  eÐnai anex�rthth apì tic �llec, h t.m. X akoloujeÐ
Diwnumik  katanom  me paramètrouc n = 3 kai p = 0.45 :

PX(k) = (3k)0.45k · 0.553−k, k = 0, 1, 2, 3.

'Etsi,
P (X = 2) = (32)0.452 · 0.55 = 0.334.

P (E) = P (X > 1) = 1− P (X = 0) = 1− 0.553 = 0.834.

(g) H Y eÐnai epÐshc diwnumik  me n = 100 kai p = 0.834

PY (k) = (100
k )0.834k(1− 834)100−k, k = 0, 1, . . . , 100.

ProseggÐzontac thn diwnumik  me thn kanonik ,

P (Y > 80) = 1− P (Y 6 80) ≈ 1− Φ(
80.5− 100× 0.834√

100× 0.834(1− 0.834)
)

= 1− Φ(−0.779) = Φ(0.779) = 0.782.


