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'Askhsh 1.
(a) DiakrÐnoume 4 peript¸seic an�loga me thn tim  thc Y.

• Y > 10   Y < −10 tìte fY (y) = 0

• P (Y = −10) = P (X ≤ −10) = P
(

X−0
5 ≤ −10

5

)
= Φ(−2) = 1− Φ(2)

• P (Y = 10) = P (X ≥ 10) = P
(

X−0
5 ≥ 10

5

)
= 1− Φ(2)

• |Y | < 10 tìte fY (y) = fX(x)
∣∣
x=y

= 1
5
√

2π
e−

y2

50π

(b) H prosèggish thc σ.π.π thc Y me N = 103 kai N = 105 shmeÐa faÐnetai sta sq mata 1 kai
2 antÐstoiqa. Apì ìti parathroÔme kai apì ta diagr�mmata, ìso ligìtera shmeÐa èqoume, tìso
ligìtera shmeÐa pèftoun mèsa sta isapèqonta bins kai �ra tìso qeirìterh eÐnai h mètrhsh thc
sqetik c suqnìthtac kai h prosèggish thc σ.π.π thc tuqaÐac metablht c.
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Sq ma 1: h prosèggish thc gkaoussian c me N = 103
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Sq ma 2: h prosèggish thc gkaoussian c me N = 105

'Askhsh 2.
(a) Efìson X ∈ [0, 1] =⇒ ln X <= 0 =⇒ − 1

α ln X <= 0 me α > 0
'Etsi

• An y < 0 =⇒ FY (y) = fY (y) = 0

• An y ≥ 0 tìte

FY (y) = P (Y ≤ y) = P (− 1
α

ln X ≤ y)

= P (lnX ≥ −αy)
= P (X ≥ e−αy) = 1− P (X ≤ e−αy)

= 1−
∫ e−αy

0
1dx = 1− e−αy

kai fY (y) = αe−αy
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Sq ma 3: h prosèggish thc ekjetik c me N = 103
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Sq ma 4: h prosèggish thc ekjetik c me N = 105

'Askhsh 3.
(a)

P{∣∣X∣∣ > 1/2} = P{X > 1/2}+ P{X < −1/2} = 1/2

(b)
P{∣∣X∣∣ ≤ α} = P{−α ≤ X ≤ α} = α

Epomènwc,
f∣∣X∣∣(α) = 1, 0 < α < 1

'Ara, h
∣∣X

∣∣ eÐnai omoiìmorfh sto (0,1).
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'Askhsh 4.

P{F (X ≤ x)} = P{X ≤ F−1(x)}
= F (F−1(x))
= x

'Askhsh 5.
(a)

V ar(X̄) =
( 1
n

)2
V ar

( n∑

i=1

Xi

)

=
( 1
n

)2
n∑

i=1

V ar(Xi), mèsw anexarthsÐac

=
σ2

n

(b) Xekin�me me thn akìloujh algebrik  tautìthta:

(n− 1)S2 =
n∑

i=1

(
Xi − µ + µ− X̄

)2

=
n∑

i=1

(
Xi − µ

)2 +
n∑

i=1

(
X̄ − µ

)2 − 2
(
X̄ − µ

) n∑

i=1

(
Xi − µ

)

=
n∑

i=1

(
Xi − µ

)2 + n
(
X̄ − µ

)2 − 2
(
X̄ − µ

)
n
(
X̄ − µ

)

=
n∑

i=1

(
Xi − µ

)2 − n
(
X̄ − µ

)2

PaÐrnontac anamenìmenh tim  sto prohgoÔmeno èqoume

(n− 1)E(S2) =
n∑

i=1

E
[(

Xi − µ
)2]−nE

[(
X̄ − µ

)2]

= nσ2 − nV ar(X̄)
= (n− 1)σ2

qrhsimopoi¸ntac ìti E[X] = µ. Diair¸ntac me n−1 èqoume ìti h anamenìmenh tim  thc deigmatik c
diaspor�c eÐnai h diaspor� thc katanom c σ2.
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'Askhsh 6.'Estw

Xi =
{

1 to z�ri i prosgei¸netai ston �sso
0 alli¸c

}

Yi =
{

1 to z�ri i prosgei¸netai sto dÔo
0 alli¸c

}

Cov(Xi, Yi) = E[XiYj ]−E[Xi]E[Yj ]

=
{ − 1

36 i = j afoÔ XiYj = 0 ìtan i = j
1
36 − 1

36 = 0 i 6= j

}

Cov
(∑

i

Xi,
∑

j

Yj

)
=

∑

i

∑

j

Cov(Xi, Yj)

= − n

36

'Askhsh 7.
Cov(Yn, Yn) = V ar(Yn) = 3σ2

Cov(Yn, Yn+1) = Cov(Xn + Xn+1 + Xn+2, Xn+1 + Xn+2 + Xn+3)
= Cov(Xn+1 + Xn+2, Xn+1 + Xn+2) = 2σ2

Cov(Yn, Yn+2) = Cov(Xn+2, Xn+2) = σ2

Cov(Yn, Yn+j) = 0 ìtan j ≥ 3


