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'Askhsh 1.(a)
6∑

i=1

P (i) = 1 =⇒ 3C + 6C = 1 =⇒ C = 1/9

(b) 'Estw p(i, j) = P (X = i, Y = j). Tìte,
p(1, 1) = P4 + P6 = 4/9, p(1, 0) = P2 = 2/9, p(0, 1) = P5 = 1/9, p(0, 0) = P1 + P3 = 2/9

(g) 12 arijmoÐ an� duo Ðdioi diat�ssontai me 12!
26 trìpouc, afoÔ oi diat�xeic twn 12 arijm¸n eÐ-

nai 12! kai up�rqoun 6 om�dec twn 2 pou h metaxÔ touc enallag  den gÐnetai aisjht , ètsi h
pijanìthta eÐnai:

P =
(12)!
26

(C)6(2C)6 =
(12)!
26

(1/9)6(2/9)6

(d) OmoÐwc diairoÔme tic 12! diat�xeic twn 12 erqìmenwn zari¸n me tic (4!)3 epilogèc an diat�xoume
tic 3 diaforetikèc om�dec twn tess�rwn arijm¸n(efìson den mac endiafèrei h seir� me thn opoÐa
 rjane) kai pollaplasi�zoume me tic pijanìthtec gia tic 4 rÐyeic: (1

9
2
9)4. 'Etsi sunolik�

P =
(12)!
(4!)3

(1/3)12

(e)
12∑

i=8

(
12
i

)
(2/3)i(1/3)12−i

'Askhsh 2.(a) Me pj = P (XY Z = j) èqoume ìti p6 = p2 = p4 = p12 = 1/4
'Etsi E[XY Z] = (6 + 2 + 4 + 12)/4 = 6

(b) Me qj = P (XY + XZ + Y Z = j), èqoume ìti
q11 = q5 = q8 = q16 = 1/4 'Etsi
E[XY + XZ + Y Z] = (11 + 5 + 8 + 16)/4 = 10

'Askhsh 3. Efìson oi rÐyeic twn zari¸n eÐnai anex�rthtec, h mèsh tim  tou ajroÐsmatoc twn
rÐyewn isoÔtai me to �jroisma twn mèswn tim¸n touc kai h diaspor� me to ginìmeno twn diaspor¸n
touc.'Etsi

(a) E
[ 10∑

i=1

Qi

]
=

10∑

i=1

E[Qi] = 10(7/2) = 35

(b) V ar
( 10∑

i=1

Qi

)
= 10V ar(Q1). Me

V ar(Q1) = E[Q2
1]− E[Q1]2

= [1 + 4 + 9 + 16 + 25 + 36]/6− 49/4
= 35/12

'Ara V ar
( 10∑

i=1

Qi

)
= 350/12
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'Askhsh 4. Genik�, E[αx] = α ∗ E[x] , µαx = αµx

kai V ar[αx] = E[(αx− µαx)2] = E[α2(x− µx)2] = α2 ∗ V ar(x). 'Etsi

(a) E[X2 + 4X + 4] = E[X2] + 4E[X] + 4 = 14

(b) V ar(4 + 3X) = V ar(3X) = 9 ∗ V ar(X) = 45

'Askhsh 5.(a) AfoÔ to gegonìc Q + U = n mporeÐ na grafteÐ wc ènwsh 2 xènwn gegonìtwn
Q = k,U = n− k , 0 ≤ k ≤ n, ètsi èqoume

P (Q + U = n) =
n∑

k=0

P (Q = k,U = n− k)

= P (Q = k)P (U = n− k)

=
n∑

k=0

e−λ1
λk

1

k!
e−λ2

λn−k
2

(n− k)!

= e−(λ1+λ2)
n∑

k=0

λk
1λ

n−k
2

k!(n− k)!

=
e−(λ1+λ2)

n!

n∑

k=0

n!
k!(n− k)!

λk
1λ

n−k
2

=
e−(λ1+λ2)

n!
(λ1 + λ2)n

dhlad  h Q + U akoloujeÐ thn Poisson katanom  me paramètrouc λ1 + λ2.

(b)

P (X = k|X + Y = n) =
P (X = k, X + Y = n)

P (X + Y = n)

=
P (X = k, Y = n− k)

P (X + Y = n)

=
P (X = k)P (Y = n− k)

P (X + Y = n)

dedomènou ìti oi metablhtèc Q kai Y eÐnai anex�rthtec. Apì to er¸thma (a) èqoume

P (X = k|X + Y = n) =
e−λ1λk

1

k!
e−λ2λn−k

2

(n− k)!
[e−(λ1+λ2)(λ1 + λ2)n

n!
]−1

=
n!

(n− k)!k!
λk

1λ
n−k
2

(λ1 + λ2)n

=
(

n

k

)( λ1

λ1 + λ2

)k( λ2

λ1 + λ2

)n−k

'Ara h desmeumènh katanom  thc Q , dojèntoc ìti X + Y = n, eÐnai h diwnumik  katanom  me
paramètrouc n kai λ1/(λ1 + λ2).
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'Askhsh 6.(a) 'Estw X,Y oi arijmoÐ twn andr¸n kai twn gunaik¸n antÐstoiqa pou mpaÐnoun sthn
tr�peza. Ja deÐxoume thn anexarthsÐa twn 2 metablht¸n. Gia na èqoume mia èkfrash thc apì
koinoÔ sun�rthshc puknìthtac pijanìthtac, desmeÔoume sthn X + Y kai èqoume:

P (X = i, Y = j) = P (X = i, Y = j|X + Y = i + j)P (X + Y = i + j)
+ P (X = i, Y = j|X + Y 6= i + j)P (X + Y 6= i + j)

pou eÐnai mia apl  perÐptwsh tou tÔpou P (E) = P (E|F )P (F ) + P (E|F c)P (F c).
Efìson P (X = i, Y = j|X + Y 6= i + j) = 0 profan¸c, èqoume

P (X = i, Y = j) = P (X = i, Y = j|X + Y = i + j)P (X + Y = i + j)

T¸ra, efìson X + Y eÐnai o sunolikìc arijmìc twn atìmwn pou eisèrqontai sthn tr�peza, èpetai
ìti

P (X + Y = i + j) = e−λ λi+j

(i + j)!

EpÐshc, dedomènou ìti i + j �toma mpaÐnoun sthn tr�peza kai afoÔ k�je �tomo pou mpaÐnei eÐnai
me pijanìthta p �ndrac, èpetai ìti h pijanìthta ìti akrib¸c i apì autoÔc eÐnai �ndrec (kai ètsi j
gunaÐkec) eÐnai apl¸c h diwnumik  pijanìthta

(
i+j
i

)
pi(1− p)j . 'Ara,

P (X = i, Y = j|X + Y = i + j) =
(

i + j

i

)
pi(1− p)j

kai

P (X = i, Y = j) =
(

i + j

i

)
pi(1− p)je−λ λi+j

(i + j)!

= e−λ λp

i!j!
[λ(1− p)]j

=
e−λp(λp)i

i!
e−λ(1−p) [λ(1− p)]j

j!

'Etsi
P (X = i) =

e−λp(λp)i

i!

∑

j

e−λ(1−p) [λ(1− p)]j

j!
=

e−λp(λp)i

i!

kai omoÐwc

P (Y = j) =
e−λp(λp)i

i!

(b) Apì to er¸thma (a) kai me l = 10 kai p = 1/2 èqoume

P (X ≤ 3) = P (X = 0) + P (X = 1) + P (X = 2) + P (X = 3)

= e−10(1/2)

(
10(1/2)

)0

0!
+ e−10(1/2)

(
10(1/2)

)1

1!
+ e−10(1/2)

(
10(1/2)

)2

2!
+ e−10(1/2)

(
10(1/2)

)3

3!

= e−5 + 5e−5 +
52

2!
e−5 +

53

3!
e−5


