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'Askhsh 1. 'Estw Ai to gegonìc na epileqjeÐ �sprh mp�la thn i-ost  for�, Mi to
gegonìc na epileqjeÐ m�urh mp�la thn i-ost  for� (i = 0,1) kai Ki to gegonìc na epileqjeÐ kìkki-
nh mp�la thn i-ost  for�. Tìte, P (A0) = 8

14 = 4
7 , P (M0) = 4

14 = 2
7 , P (K0) = 2

14 = 1
7 , P (A1|A0) =

7
13 , P (A1|M0) = 8

13 , P (A1|K0) = 8
13 , P (M1|A0) = 4

13 , P (M1|M0) = 3
13 , P (M1|K0) = 4

13 , P (K1|A0) =
2
13 , P (K1|M0) = 2

13 , P (K1|K0) = 1
13

H tuqaÐa metablht  Q paÐrnei tic akìloujec timèc me tic akìloujec pijanìthtec:
Q = 0 me P (X = 0) = P (K0) ∗ P (K1|K0) = 1

7 ∗ 1
13

Q = 1 me P (X = 1) = P (A0) ∗ P (M1|A0) + P (M0) ∗ P (A1|M0) = 4
7 ∗ 4

13 + 2
7 ∗ 8

13
Q = 2 me P (X = 2) = P (M0) ∗ P (K1|M0) + P (K0) ∗ P (M1|K0) = 2

7 ∗ 2
13 + 1

7 ∗ 4
13

Q = 4 me (X = 4) = P (M0) ∗ P (M1|M0) = 2
7 ∗ 3

13
Q = -1 me P (X = −1) = P (A0) ∗ P (K1|A0) + P (K0) ∗ P (A1|K0) = 4

7 ∗ 2
13 + 1

7 ∗ 8
13

Q = -2 me P (X = −2) = P (A0) ∗ P (A1|A0) = 4
7 ∗ 7

13

'Askhsh 2. (a) O arijmìc twn ebdom�dwn pou h epèndush sac diplasi�zetai eÐnai mia duwnumik 
tuqaÐa metablht  Y me paramètrouc (5,1/2). AfoÔ h epèndush upodiplasi�zetai kat�
tic upìloipec 5 - Y ebdom�dec kai k�je upodiplasiasmìc akur¸nei ènan diplasiasmì, èqoume ìti
X = 32 ∗ 2Y ∗ 2−(5−Y ) = 32 ∗ 22Y−5. Oi pijanèc timèc thc Q eÐnai 1, 4, 16, 64, 256 kai 1024 , pou
antistoiqoÔn stic Y = 0, 1, 2, 3, 4, 5.

(b) P (X = 1) = P (Y = 0) = 1/32
P (X = 4) = P (Y = 1) = 5/32
P (X = 64) = P (Y = 3) = 10/32
P (X = 256) = P (Y = 4) = 5/32
P (X = 1024) = P (Y = 5) = 1/32

(g) E[X] =
∑

X ∗ P (X) = 1 ∗ (1/32) + 4 ∗ (5/32) + 16 ∗ (10/32) + 64 ∗ (10/32) + 256 ∗ (5/32) +
1024 ∗ (1/32) = 97.65625
'Ara h thleoptik  diaf mish upotim� kat� lÐgo thn apìdosh.

(d) P (X < 32) = P (X = 1) + P (X = 4) + P (X = 16) = 1/2

(e) Up�rqei 50% pijanìthta gia k�poion na q�sei ta left� tou me aut n thn epèndush. Efì-
son oi pijanìthtec ap¸leiac twn qrhm�twn eÐnai shmantikèc, all� kai ta kèrdh pou mporeÐ na
apofèrei h epèndush eÐnai uyhl�, exart�tai apì to pìso shmantikì eÐnai gia ton kajèna to arqikì
posì pou jèlei na diajèsei. Se k�je perÐptwsh an diajèsei k�poio mikrì arqikì posì, h epèndush
jewreÐtai arket� epikerd c me qamhlì kìstoc.
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'Askhsh 3. P (XeÐnai �rtioc akèraioc) = P (X = 0) + P (X = 2) + ... + P (X = M) ìpou M = N
an N �rtioc kai M = N − 1 an N perittìc. 'Ara, P (XeÐnai �rtioc akèraioc) = qN +

(
N
2

)
qN−2p2 +

... +
(

N
M

)
qN−MpM . Shmei¸ste ìti o teleutaÐoc ìroc eÐnai pN an o N �rtioc kai NqpN−1 an N

perittìc. T¸ra, (q + p)N = qN +
(
N
1

)
qN−1p +

(
N
2

)
qN−2p2 + ... +

(
N

N−1

)
qpN−1 + pN en¸

(q − p)N = qN − (
N
1

)
qN−1p +

(
N
2

)
qN−2p2 − ... + (−1)N−1

(
N

N−1

)
qpN−1 + (−1)NpN .

Prosjètoume tic parap�nw exis¸seic parathr¸ntac ìti k�poioi ìroi allhloexoudeter¸nontai. EpÐ-
shc, an o N eÐnai perittìc, oi teleutaÐoi ìroi akur¸nontai, en¸ an eÐnai �rtioc, oi ìroi prin ton teleu-
taÐo akur¸nontai. Se k�je perÐptwsh, blèpoume ìti to �jroisma eÐnai apl¸c 2P (XeÐnai �rtioc akèraioc)
ètsi P (XeÐnai �rtioc akèraioc) = [(q + p)N + (q − p)N ]/2 = [1 + (1− 2p)N ]/2 afoÔ q = 1− p

'Askhsh 4. Y = 1, 2, 3 �njrwpoi mènoun pÐsw an�loga me X = 6, 7, 8. AfoÔ h X paÐrnei thn

tim  6 me pijanìthta (8
6)
28 = 28

256 , thn tim  7 me pijanìthta (8
7)
28 = 8

256 kai thn tim  8 me pijanìthta
(8
8)
28 = 1

256 , brÐskoume ìti E[Y ] = 1∗28+2∗8+3∗1
256 = 47

256

'Askhsh 5. (a) H Q paÐrnei tic timèc -6,6,12,18.

(b) An stoiqhmatÐseic 6 Eur¸ sto i, tìte q�neic an kai ta trÐa z�ria deÐxoun èna apì touc 5
diaforetikoÔc apì to i arijmoÔc. 'Etsi P (X = −6) = 53/63 = 125

216 . AntÐjeta, kerdÐzeic 6 Eur¸
an èna apì ta z�ria èrjei i kai ta �lla 2 ìqi P (X = 6) = 3 ∗ (1 ∗ 52)/63 = 75

216 . OmoÐwc,
P (X = 12) = 3 ∗ (12 ∗ 5)/63 = 15

216 kai P (X = 18) = 13/63 = 1
216

'Elegqoc orjìthtac: 125 + 75 + 15 + 1 = 216

(g) E[X] =
∑

x ∗ p(x) = 125∗(−6)+75∗(6)+15∗12+1∗18
216 = −102

216 = −17
36

(d) H pijanìthta ta 3 z�ria na deÐxoun diaforetikoÔc arijmoÔc eÐnai 6∗5∗4
216 = 5

9 . Se aut n thn
perÐptwsh kerdÐzeic 3 Eur¸ apì touc arijmoÔc pou  rjane kai q�neic �lla tìsa apì touc upìloi-
pouc. 'Ara eÐsai sto mhdèn. H pijanìthta kai ta 3 z�ria na deÐxoun ton Ðdio arijmì eÐnai 6∗ 1

216 = 1
36 ,

sthn perÐptwsh aut  kerdÐzeic 3 Eur¸ apì ton arijmì pou  rje kai q�neic �lla 5 apì touc upì-
loipouc arijmoÔc. 'Ara se aut n thn perÐptwsh q�neic 2 Eur¸. H pijanìthta 2 arijmoÐ na eÐnai
Ðdioi eÐnai 15

36 = 5
12 , sthn perÐptwsh aut  kerdÐzeic 2 Eur¸ apì to zeug�ri kai 1 apì to monadikì,

all� q�neic 4 Eur¸ apì ta upìloipa pou den èkatsan. 'Ara sunolik�, q�neic 1 Eur¸. 'Etsi, h Y
eÐnai mia tuqaÐa metablht  pou paÐrnei tic timèc 0,-1,-2 me pijanìthtec pou brèjhkan parap�nw. H
anamenìmenh tim  thc eÐnai: E[Y ] = 0∗20−1∗15−2∗1

36 = −17
36 . 'Ara parèmeine h Ðdia ap¸leia.
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'Askhsh 6. (a)

P (X ≤ 100) = 1− P (X > 100)
= 1− [P (X = 105) + P (X = 104) + P (X = 103) + P (X = 102) + P (X = 101)]

= 1− [
(0.9)105 +

(
105
1

)
(0.9)104(0.1) +

(
105
2

)
(0.9)103(0.1)2

+
(

105
3

)
(0.9)102(0.1)3 +

(
105
4

)
(0.9)101(0.1)4

]

= 0.983283

(b) An h Q eÐnai tuqaÐa duwnumik  katanom  me paramètrouc (n,p), tìte h Y=n-X ja eÐnai duwnu-
mik  me paramètrouc (n,1-p). 'Etsi o arijmìc twn mh-emfanÐsewn eÐnai duwnumik  tuqaÐa katanom 
me paramètrouc (105,0.1). Efìson to n eÐnai meg�lo kai to p mikrì, eÐnai logikì na na ton proseg-
gÐsoume me katanom  Poisson me par�metro λ = np = 10.5.

(g)

P (Y ≥ 5) = 1− P (Y < 5)
= 1− [

P (Y = 0) + P (Y = 1) + P (Y = 2) + P (Y = 3) + P (Y = 4)
]

= 1− e(−10.5)[1+(10.5)+(10.5)2/2+(10.5)3/6(10.5)4/24]

= 0.978906

pou eÐnai polÔ kont� me thn pijanìthta pou br kame sto er¸thma (a).



Pijanìthtec - 2003/LÔseic TrÐthc Seir�c Ask sewn 4

'Askhsh 7. (a) 'Ena pakèto lamb�netai swst� an kai mìno an kai ta n bits matadÐdontai sw-
st�, to opoÐo èqei pijanìthta (1 − p)n = Q. Se perÐptwsh laj¸n, epanamet�dosh mporeÐ na
sumbeÐ mèqri 5 forèc. 'Etsi, P (pakèto q�jhke) = P (5 anepituqeÐc metadìseic) = (1 − Q)5 kai
P (epituq c met�dosh pakètou) = 1− (1−Q)5.

(b) Xi paÐrnei tic timèc 1,2,3,4,5 me pijanìthtec Q, (1−Q)Q, (1−Q)2Q, (1−Q)3Q, (1−Q)4 antÐ-
stoiqa. ParathreÐste ìti an kai oi 4 pr¸tec pijanìthtec sunistoÔn gewmetrik  seir�,h P (X = 5)
den eÐnai h pijanìthta mia gewmetrik c tuqaÐac metablht c ìtan aut  l�bei thn tim  5. An oi
4 pr¸tec metadìseic de lhfjoÔn swst�, tìte h Q klimak¸netai sthn tim  5, kai P (X = 5) =
P (gewmetrik  tuqaÐa metablht  > 4) = (1−Q)4

(g)

E[Xi] = 1 ∗Q + 2 ∗ (1−Q) ∗Q + 3 ∗ (1−Q)2Q + 4 ∗ (1−Q)3Q + 5 ∗ (1−Q)4

= Q ∗ [1 + (1−Q) + (1−Q)2 + (1−Q)3] + (1−Q)4

+ Q ∗ [(1−Q) + (1−Q)2 + (1−Q)3] + (1−Q)4

+ Q ∗ [(1−Q)2 + (1−Q)3] + (1−Q)4

+ Q ∗ [(1−Q)3] + (1−Q)4

+ (1−Q)4

= Q ∗ 1− (1−Q)4

1− (1−Q)
+ (1−Q)4 + Q ∗ (1−Q) ∗ 1− (1−Q)3

1− (1−Q)
+ (1−Q)4

+ Q ∗ (1−Q)2 ∗ 1− (1−Q)2

1− (1−Q)
+ (1−Q)4 + Q ∗ (1−Q)3 + (1−Q)4

= 1 + (1−Q) + (1−Q)2 + (1−Q)3 + (1−Q)4 =
1− (1−Q)5

1− (1−Q)
=

1− (1−Q)5

Q

=
1− (1− 5Q + 10Q2 − 10Q3 + 5Q4 −Q5)

Q
= 5− 10Q + 10Q2 − 5Q3 + Q4

(d) P (ìla ta pakèta na lhfjoÔn epituq¸c) = [1− (1−Q)5]L. Prosèxte ìti h ap�nthsh den eÐnai
QL, pou eÐnai h pijanìthta ìla ta pakèta na lhfjoÔn swst� me thn pr¸th met�dosh.


