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1 Domec Pijanotik¸n Montèlwn

1.1 ΄Ενωση - Τομή

S ∪ T = {x|x ∈ S   x ∈ T}

S ∩ T = {x|x ∈ S kai x ∈ T}

1.2 Ξένα σύνολα

S ∩ T = ∅

1.3 ΄Αλγεβρα Συνόλων

An Ω o deigmatoq¸roc, kai S, T,X uposÔnola autoÔ, tote

• S ∩ (T ∪X) = (S ∩ T ) ∪ (S ∩X)

• S ∪ (T ∪X) = (S ∪ T ) ∪X

• S ∪ (T ∩X) = (S ∪ T ) ∩ (S ∪X)

• S ∪ Ω = Ω, S ∩ Sc = ∅, (Sc)c = S

• S ∩ Ω = S, S − T = S ∩ T c

1.4 Νόμοι De Morgan(
∪n Sn

)c
= ∩nScn,

(
∩n Sn

)c
= ∪nScn

2 Basikèc Pijanìthtec

• P (A) ≥ 0, ∀A ∈ Ω, P (Ω) = 1

• P
(
∪i∈IAi

)
=
∑
i∈I P (Ai), gia opoiad pote {Ai, i ∈

I} me Ai ∈ Ω kai Ai ∩Aj = ∅, ∀i 6= j

• P (Ac) = 1− P (A), P (∅) = 0

• 0 ≤ P (A) ≤ 1, P (A∪B) = P (A)+P (B)−P (A∩B)

• P (A−B) = P (A)− P (A ∩B)

• An B ⊂ A, tìte P (B) ≤ P (A)

2.1 Δεσμευμένη Πιθανότητα

• P (A|B) =
P (A∩B)
P (B)

, P (B) 6= 0

• P (A1∪A2|B) = P (A1|B)+P (A2|B)−P (A1∩A2|B)

• P (Ac|B) = 1− P (A|B)

2.2 Πολλαπλασιαστικός Νόμος

P (A ∩B) = P (B)P (A|B)

P (∩ni=1Ai) = P (A1)P (A2|A1)P (A3|A1 ∩A2) · · ·
· · ·P (An| ∩n−1

i=1 Ai)

2.3 Θεώρημα Ολικής Πιθανότητας

An A1, · · · , An xèna gegonìta pou apoteloÔn diamèrish
tou Ω, tìte gia k�je gegonìc B isqÔei

P (B) =

n∑
i=1

P (Ai ∩B) =

n∑
i=1

P (Ai)P (B|Ai)

2.4 Κανόνας του Bayes

An A1, · · · , An mia diamèrish tou Ω, tìte gia k�je gegonìc
B me P (B) > 0, isqÔei

P (Ai|B) =
P (Ai)P (B|Ai)

P (B)
=

P (Ai)P (B|Ai)∑n
k=1 P (Ak)P (B|Ak)

2.5 Ανεξαρτησία

Duo gegonìta lègontai anex�rthta an isqÔei ìti

P (A ∩B) = P (A)P (B)

2.5.1 Upì sunj kh anexarthsÐa

Dedomènou gegonìtoc C, ta A,B eÐnai anex�rthta ìtan

P (A ∩B|C) = P (A|C)P (B|C)

2.5.2 AnexarthsÐa Sullog c Gegonìtwn

Ta A1, A2, · · · , An eÐnai anex�rthta an

P (∩i∈IAi) =
∏
i∈I

P (Ai)

gia k�je uposÔnolo I ∈ {1, 2, · · · , n}.

3 Sunduastik 

3.1 Καρτεσιανό Γινόμενο

An èqoume sÔnola S1, S2, · · · , Sr, me n1, n2, · · · , nr to
pl joc stoiqeÐa antÐstoiqa, tìte up�rqoun n1, n2, · · · , nr
to pl joc diatetagmènec r−adec (a1, · · · , ar) me ai ∈ Si.
To sÔnolo S twn n1, · · · , nr r−�dwn kaleÐtai kartesianì
ginìmeno:

S = S1×S2×· · ·×Sr = {(a1, · · · , ar)|ai ∈ Si, i = 1, · · · , r}

3.2 Διατάξεις (Μεταθέσεις)

Apì èna pl joc n diaforetik¸n antikeimènwn paÐrnoume
k apì aut� kai ta b�zoume se mia seir�. Oi akoloujÐ-
ec k stoiqeiwn pou prokÔptoun kaloÔntai diataxeic twn

stoiqeÐwn n an� k kai eÐnai to pl joc

P (n, k) =
n!

(n− k)!
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3.3 Συνδυασμοί

Se mia Di�taxh lambanoume upìyh th seir� twn stoiqeiwn.
An de mac endiafèrei h seir� all� mìno ta diaforetik�
sÔnola pou prokÔptoun, lème ìti paÐrnoume touc sundua-

smoÔc n stoiqeiwn an� k, pou eÐnai to pl joc

C(n, k) =
n!

(n− k)!k!
=

(
n
k

)

3.4 Διαμερισμοί

O diamerismìc enìc arqikoÔ sunìlou se r uposÔnola,
xèna metaxÔ touc, pou perièqoun n1, n2, · · · , nr stoiqeÐa,
¸ste n1 + n2 + · · ·+ nr = n gÐnetai me

P (n1, n2, · · · , nr) =

(
n

n1, n2, · · · , nr

)
=

n!

n1!n2! · · ·nr!

3.5 Δειγματοληψία

• Me epan�jesh: n stoiqeÐa me ∆ deÐgmata megejouc
k: nk to pl joc dunat¸n deigm�twn

• QwrÐc epan�jesh: n stoiqeÐa me k�je deigma pou an-
tistoiqeÐ se mia di�taxh n stoiqeiwn an� k: P (n, k)
to pl joc deÐgmata megèjouc k

• QwrÐc epan�jesh qwrÐc di�taxh: exet�zontai mazi k
stoiqeÐa: C(n, k) to pl joc twn deigm�twn

• Diadoqik  deigmatolhyÐa: an to deigma parjeÐ
se r st�dia, me diadoqik� megejh n1, n2, · · · , nr,
tìte to pl joc twn dunatwn deigm�twn eÐnai
P (n1, n2, · · · , nr)

4 Diakritèc TuqaÐec Metablhtèc

4.1 Συνάρτηση Πιθανότητας

An x mia tim  thc tuqaÐac metablht c X, h pijanìthta

m�zac tou x orÐzetai wc pX(x) = P (X = x) ìpou to
gegonìc {X = x} apoteleitai apì ìla ta apl� endeqìmena
pou sunteloÔn sto na p�rei h t.m. X thn tim  x.

4.2 Ιδιότητες:

•
∑
x pX(x) = 1

• P (X ∈ S) =
∑
x∈S pX(x)

4.3 Bernoulli τ.μ.

pX(k) =

{
p, k = 1
1− p, k = 0

E[X] = p, var(X) = p(1− p)

4.4 Δυωνυμική τ.μ.

'Estw X to pl joc twn eunoðk¸n apotelesm�twn (me pi-
janìthta p to kajèna) se mia akoloujÐa n prospajei¸n,
tìte h X einai diwnumik  me paramètrouc n, p kai

pX(k) = P (X = k) =

(
n
k

)
pk(1− p)n−k, k = 0, 1, · · · , n

E[X] = np, var(X) = np(1− p)

4.5 Γεωμετρική τ.μ.

Se èna peirama Bernoulli, mac endiaferei to pl joc twn
prospajei¸n mèqri thn prwth epituqÐa, tìte an X h t.m.
pou perigr�fei to pl joc twn diadoqik¸n dokim¸n mèqri
thn pr¸th epituqÐa, tote

pX(k) = (1− p)k−1p, k = 1, 2, · · ·

E[X] =
1

p
, var(X) =

1− p
p2

4.6 Αρνητική Διωνυμική (Pascal) τ.μ.

Se ena peÐrama Bernoulli, mac endiaferei to pl joc twn
dokim¸n mèqri thn emfanish r eunoðk¸n apotelesm�twn.
An h t.m X perigr�fei to pl joc autì, tote

pX(k) =

(
k − 1
r − 1

)
pr(1− p)k−r, k = r, r + 1, · · ·

ìpou k h dokim  opou emfanÐsthke to eunoðkì gegonìc gia
teleutaia for�. EpÐshc,

E[X] =
r(1− p)

p
, var(X) =

r(1− p)
p2

4.7 Poisson τ.μ.

'Otan mac endiafèrei h pijanìthta emf�nishc enìc gego-
nìtoc kata th di�rkeia enìc qronikoÔ diasthmatoc, tìte h
pijanìthta auth montelopoieÐtai wc

pX(k) = e−λ
λk

k!

ìpou λ > 0 h par�metroc thc katanom c. H katanom 
Poisson qrhsimopoieitai kai wc prosèggish thc Diwnumi-
k c otan n→∞, p→ 0.

E[X] = λ, var(X) = λ

4.8 Διακριτή Ομοιόμορφη τ.μ.

H tuqaia metablht  thc opoÐac oi timèc eÐnai Ðdiec kai h
opoÐa orÐzetai se ena di�sthma [a, b], lègetai omoiìmorfh,
kai h katanom  thc eÐnai

pX(k) =

{ 1
b−a+1

, k = a, a+ 1, · · · , b
0, alloÔ

(1)

E[X] =
a+ b

2
, var(X) =

(b− a)(b− a+ 2)
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4.9 Συναρτησεις Τ.Μ.

pY (y) =
∑

x|g(x)=y
pX(x)

5 Mèsh Tim  - Diaspor�

• E[X] =
∑
x xpX(x)

• An Y = g(X), tìte

E[Y ] = E[g(X)] =
∑
x

g(x)pX(x)

• E[aX + b] = aE[X] + b

• E[ag(X) + b] = aE[g(X)] + b

• var(X) = E[(X − E[X])2] = E[X2]− E[X]2

• Tupik  Apìklish: σx =
√
var(X)

• An Y = aX + b, tìte

E[Y ] = aE[X] + b, var(Y ) = a2var(X)
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6 SuneqeÐc TuqaÐec Metablhtèc

6.1 Συνάρτηση Πιθανότητας

H t.m. X onom�zetai suneq c ìtan o pijanotikìc nìmoc
pou thn perigr�fei orÐzetai mèsw miac mh arnhtik c su-
n�rthshc fx, h opoÐa onom�zetai sun�rthsh puknìthtac

pijanìthtac pou ikanopoieÐ th sqèsh

P (X ∈ B) =

∫
B
fX(x)dx

gia k�je uposÔnolo B tou pragmatikoÔ �xona <.

6.2 Ιδιότητες:

• P (a ≤ X ≤ b) = P (a < X < b) =

∫ b

a
fX(x)dx

• P (X = a) =

∫ a

a
fX(x)dx = 0

• fX(x) ≥ 0

•
∫ ∞
−∞

fX(x)dx = 1

• Oi timèc thc fX(x) DEN parist�noun pijanìthta
(mporoÔn na eÐnai > 1).

• H fX(x) qrhsimopoieÐtai gia ton upologismì pijano-
t twn gegonìtwn all� den eÐnai h pijanìthta k�poiou
sugkekrimènwn gegonìtwn.

6.3 Αθροιστική Συνάρτηση Κατανο-

μής

FX(x) = P (X ≤ x) =


∑
k≤x

pX(x), X diakrit  t.m.∫ x

−∞
fX(t)dt, X suneqhc t.m.

6.4 Ιδιότητες:

• limx→∞ FX(x) = 1, limx→−∞ FX(x) = 0

• x1 ≤ x2 → FX(x1) ≤ FX(x2)

• 0 ≤ FX(x) ≤ 1

• P (x1 < X < x2) = P (X ≤ x2)− P (X ≤ x1)

• An h X eÐnai diakrit , tìte pX(x) =

= P (X ≤ k)−P (X ≤ k−1) = FX(k)−FX(k−1), ∀k

• An h X eÐnai suneq c, tìte

fX(x) =
dFX(x)

dx

• P (X > x) = 1− P (X ≤ x) = 1− FX(x)

6.5 Μέση Τιμή - Διασπορά

• E[X] =
∫∞
−∞ xfX(x)dx

• An Y = g(X), tìte

E[Y ] = E[g(X)] =

∫ ∞
−∞

g(x)fX(x)

• E[aX + b] = aE[X] + b

• E[ag(X) + b] = aE[g(X)] + b

• var(X) = E[(X − E[X])2] = E[X2]− E[X]2

• Tupik  Apìklish: σx =
√
var(X)

• An Y = aX + b, tìte

E[Y ] = aE[X] + b, var(Y ) = a2var(X)

6.6 Συνεχής ομοιόμορφη τ.μ.

fX(x) =

{ 1
b−a , a ≤ x ≤ b
0, alloÔ

E[X] =
a+ b

2
, var(X) =

(b− a)2
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6.7 Συνεχής Εκθετική τ.μ.

fX(x) =

{
λe−λx, x ≥ 0
0, alloÔ

E[X] =
1

λ
, var(X) =

1

λ2

6.8 Συνεχής Κανονική (Gaussian)
τ.μ.

fX(x) =
1

√
2πσ

e
− (x−µ)2

2σ2

E[X] = µ, var(X) = σ2

6.9 Συνεχής Τυπική Κανονική τ.μ.

• H sun�rthsh katanom c orÐzetai wc

fX(x) =
1
√

2π
e−

x2

2

• E[X] = 0, var(X) = 1

• H ASK prokÔptei wc

Φ(x) = P (X ≤ x) =
1
√

2π

∫ x

−∞
e−

t2

2 dt

me
Φ(−x) = 1− Φ(x)

• H tupik  kanonik  t.m. X prokÔptei apì thn kanonik 
t.m. Y wc

X =
Y − µ
σ

6.10 Δεσμευμ. Συν. Πυκν. Πιθανό-

τητας

• P (X ∈ B|A) =

∫
B
fX|A(x)dx

• P (X ∈ B|X ∈ A) =

∫
A∩B fX(x)dx

P (X ∈ A)

• fX|A(x|A) =
fX(x)

P (X ∈ A)
, an x ∈ A
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6.11 Δεσμευμένη Μέση Τιμή

E[X|A] =

∫ ∞
−∞

xfX|A(x)dx

E[g(X)|A] =

∫ ∞
−∞

g(x)fX|A(x)dx

fX(x) =

n∑
i=1

P (Ai)fX|Ai (x)

E[X] =

n∑
i=1

P (Ai)E[X|Ai]

E[g(X)] =
n∑
i=1

P (Ai)E[g(X)|Ai]

6.12 Πολυδιάστατες τ.μ.

H apì koinoÔ sun�rthsh pijanìthtac duo suneq¸n t.m.
ikanopoieÐ thn

P ((X,Y ) ∈ B) =

∫ ∫
(x,y)∈B

fX,Y (x, y)dxdy

An B = [a, b]× [c, d] tìte

P (a ≤ X ≤ b, c ≤ Y ≤ d) =

∫ d

c

∫ b

a
fX,Y (x, y)dxdy

Profan¸c prepei∫ ∫ ∞
−∞

fX,Y (x, y)dxdy = 1

EpÐshc

P (X ∈ A) = P (X ∈ A ∩ Y ∈ (−∞,∞))

=

∫
A

∫ ∞
−∞

fX,Y (x, y)dydx

6.12.1 Perijwriakèc sunart seic

fX(x) =

∫ ∞
−∞

fX,Y (x, y)dy

fY (y) =

∫ ∞
−∞

fX,Y (x, y)dx

6.12.2 Mèsh Tim 

E[g(X,Y )] =

∫ ∫ ∞
−∞

g(x, y)fX,Y (x, y)dxdy

E[aX + bY ] = aE[X] + bE[Y ]

6.12.3 Ex�rthsh thc X wc proc thn Y

fX|Y (x|y) =
fX,Y (x, y)

fY (y)

P (X ∈ A|Y = y) =

∫
A
fX|Y (x|y)dx

6.12.4 Desmeumènec Mèsec Timèc

E[X|Y = y] =

∫ ∞
−∞

xfX|Y (x|y)dx

E[g(X)|Y = y] =

∫ ∞
−∞

g(x)fX|Y (x|y)dx

E[X] =

∫ ∞
−∞

E[X|Y = y]fY (y)dy

E[g(X)] =

∫ ∞
−∞

E[g(X)|Y = y]fY (y)dy

E[g(X,Y )] =

∫ ∞
−∞

E[g(X,Y )|Y = y]fY (y)dy

6.12.5 Nìmoc tou Bayes

An X suneq c, tìte

fX|Y (x|y) =
fX,Y (x, y)

fY (y)
=

fX(x)fY |X(y|x)∫
fX(t)fY |X(y|t)dt

An X diakrit , tote

P (X = x|Y = y) =
pX(x)fY |X(y|x)
n∑
k=1

pX(k)fY |X(y|k)

6.12.6 AnexarthsÐa

fX,Y (x, y) = fX(x)fY (y)

E[g(X)h(Y )] = E[g(X)]E[h(Y )]

var(X + Y ) = var(X) + var(Y )

6.12.7 Apì koinoÔ ASK

FX,Y (x, y) =

∫ x

−∞

∫ y

−∞
fX,Y (s, t)dtds

fX,Y (x, y) =
∂2FX,Y

∂x∂y
(x, y)

6.13 Υπολογισμός της Y = g(X)

1. UpologÐzoume thn ASK thc Y :

FY (y) = P (g(X) ≤ y) =

∫
x|g(x)≤y

fX(x)dx

2. ParagwgÐzoume wc proc y gia na p�roume thn fY (y):

fY (y) =
dFY

dy
(y)

6.13.1 Grammikèc Sunart seic

'Estw X suneqhc t.m. me fX(x) kai Y = aX+b, me a 6= 0,
tìte

fY (y) =
1

|a|
fX

(y − b
a

)
6.13.2 Monìtonec Sunart seic

'Estw g monìtonh sun�rthsh, kai k�poia sun�rthsh h kai
gia k�je x sto pedÐo orismoÔ I thc X isqÔei oti y = g(x)
an kai mìno an x = h(y). H h èqei pr¸th paragwgo thn
dh
dy

(y). Tìte h sun�rthsh puknìthtac pijanìthtac thc Y

dÐnetai apì th sqèsh

fY (y) =
∣∣∣dh
dy

(y)
∣∣∣fX(h(y))

=
1∣∣∣ dgdx (x)
∣∣∣fX(x)
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